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Preface

This research monograph deals with the dynamic modelling, nonlinear
control and performance evaluation of a ground based mobile air
defence system (ADS).

The present work complements existing references on ground
based ADSs ([69, 108, 142]). The afore-mentioned publications deal
mainly with static or non-mobile ADSs, that is, ADSs that are deployed
at a fixed location. This research monograph deals with a mobile ADS
that consists of an armoured ground vehicle with an integrated rotating
turret and anti-aircraft (AA) gun.

A mobile ADS has several advantages over a fixed ADS as follows.

A mobile ADS can move relatively quickly between various
locations and defend against attacking aerial targets (AATs) as
needed.

A mobile ADS can engage mainly AATs and also fixed or moving
ground targets. The mobile ADS can engage targets from a
stationary position or while it is maneuvering on the horizontal
plane and can thus support fast moving motorized ground forces.

A mobile ADS can be designed to transport personnel and cargo
internally, and provide protection against a range of battlefield
threats.

A mobile ADS can lead to tactical advantages in military
deployments and engagements.

The mobile ADS is modelled as a constrained rigid multibody
system. The ground vehicle of the mobile ADS has 4 wheels. It is
assumed that all 4 wheels roll perfectly thus resulting in nonholonomic
velocity constraints. Furthermore, the mobile ADS is controlled by 4
applied torques that are implemented by suitable actuators (for
example, electric motors). First, there is a torque that steers the front
wheels via a steering system (similar to an Ackermann steering system)
leading to holonomic velocity constraints. Second, there is a torque



driving the rear wheels via a differential gearbox and sideshafts
resulting in a holonomic velocity constraint. Third, there is a torque
that rotates the turret in azimuth via a gearbox based mechanism.
Fourth, there is a torque that rotates the AA gun in elevation via a
gearbox based mechanism. The afore-mentioned gearbox based
mechanisms lead to holonomic velocity constraints. It turns out that the
specified configuration of the mobile ADS results in a set of holonomic
and nonholonomic velocity constraints that are not independent.

Thus, kinematic and dynamic models of the mobile ADS need to be
developed. In addition, nonlinear feedback control laws need to be
derived for the applied torques such that given variables associated
with the motion of the vehicle body, the turret and the AA gun
asymptotically track reference command trajectories. Furthermore, the
performance of the mobile ADS needs to be evaluated in engaging a
specified AAT.

Part 1 of the book deals with the dynamic modelling and nonlinear
control of the mobile ADS while Part 2 deals with the performance
evaluation of the mobile ADS against a given AAT. In order to address
these topics several interesting mathematical modelling and nonlinear
control methodologies are presented and applied as follows.

1.
Kinematic modelling of constrained rigid multibody systems

subject to velocity constraints that may not be independent.

Extension of the Lagrange equations for the dynamic modelling of
constrained rigid multibody systems subject to velocity constraints
that may not be independent.

By applying the above-mentioned methodologies, the kinematic
and dynamic models of the mobile ADS are derived by using all the
velocity constraints in their original form (that is, the redundant
velocity constraints are not deleted).

4. Nonlinear control of constrained rigid multibody systems using
inverse dynamics transformations. Analysis of the zero dynamics of
the controlled dynamic model of the multibody system. A nonlinear
feedback control law is derived for the mobile ADS that provides

maneuvering control of the vehicle body and rotational control of
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engage AATs with the AA gun while independently maneuvering
the vehicle body on the horizontal plane.

Derivation and numerical solution of the point mass flight
dynamics model of the AA projectile consisting of a set of nonlinear
ordinary differential equations (ODEs).

Formulation and numerical solution of a conceptual fire control
problem using constrained optimization. The fire control problem
involves the computation of the aiming angles of the AA gun and
the time of flight of the AA projectile to the intercept point with the
center of mass (CM) of the AAT. Reformulation of the fire control
problem using feasible control (co-developed with Prof. Yaakov
Yavin (1935-2006)).

Application of a methodology for computing the impact point of the
AA projectile on the three-dimensional body of the AAT.

Stochastic modelling of the dispersion of the AA projectiles fired by
the AA gun by considering random initial conditions for the point
mass flight dynamics model of the AA projectile. Computation of
the probability that the AA projectile will impact the body of the
AAT.

Application of advanced scientific computing systems, mainly
Maple, MATLAB/MATLAB Symbolic Toolbox, Octave/Octave
Symbolic Package (and also of other systems such as Mathematica,
Maxima), all running under the Linux operating system, in order to
perform the complicated symbolic and numerical computations
required to obtain the above-mentioned results.! In particular,
machines running Ubuntu Linux and Linux Mint with the MATE
desktop manager are employed.

Although a particular type of ground based mobile ADS is
considered in this work, the methodologies presented in Part 1 of the
book can be applied to model the given mobile ADS in greater detail, to
model a mobile ADS with a different configuration, or to model an ADS
that operates in a different domain. Similarly, the methodologies



presented in Part 2 of the book can be applied to evaluate the
performance of the mobile ADS against a variety of AATs. In addition,
different types of AA projectiles and alternative weapon systems can be
considered. Some examples of the above are as follows.

1.
The case where the mobile ADS is moving on a three-dimensional

terrain. In this instance, the rigid bodies comprising the mobile
ADS will rotate in yaw, pitch and roll.

More detailed modelling of the mobile ADS, for example, the case
where each wheel consists of a tyre mounted on a hub thus leading
to the possibility of slipping of the wheel, a suspension system for
each wheel, a detailed implementation of the steering system for
the front wheels, etc. More detailed modelling will generally result
in more complicated kinematic and dynamic models of the mobile
ADS.

A land based mobile ADS with alternative vehicle configurations,
for example, a vehicle with six or eight wheels, or a vehicle with
tracks.

A mobile ADS engaging ground targets and aerial targets using the
following.

(a)

Missiles.

(b)

Ray based guns employing high power lasers.

5. Weapon systems having a generic turret and gun configuration and
operating in different domains as follows.

(a)

Sea based weapon systems, for example, a turret with a
relevant gun or weapon mounted on a ship.

(b)

Air based weapon systems, for example, a turret with a
relevant gun or weapon mounted on a helicopter or aircraft.

(c)

Future space based weapon svstems, for example, a turret



with a relevant weapon mounted on a space craft, space
station or satellite.

6.
Application of some of the methodologies presented in this work to

the case of aerial vehicles engaging moving ground targets, for
example, air-to-ground gunnery ([118]).

Part 1 of the book consists of Chaps. 2-5 and Appendices A, B, while
Part 2 includes Chaps. 6-9, as follows.

Chapter 1 : Introduction

A summary is presented of Part 1 and Part 2.

Chapter 2 : Overview of the Mobile Air Defence System

A mathematical description of each rigid body is given, together
with the associated holonomic and nonholonomic velocity constraints.
The mobile ADS comprises N = 11 rigid bodies and is controlled by

m. = 4 applied torques (variable names like N, m,., n, m, etc. are

introduced here in order to conveniently denote various quantities).
There are a total of n = 15 generalized co-ordinates and thus 15

generalized velocities. In addition, there are a total of m = 13 velocity
constraints of which only 5 = 11 are independent. Thus,
ng =n —rg = 4 of the 15 generalized velocities can be selected to be

independent generalized velocities. In this case, the number of
independent generalized velocities is equal to the number of applied
torques, ny = m, = 4.

Chapter 3 : Kinematic Model of the Mobile Air Defence System

Using all 13 holonomic and nonholonomic velocity constraints and
the methods presented in Appendix A, the kinematic model of the
mobile ADS is derived. The kinematic model describes the 15
generalized velocities in terms of the selected 4 independent
generalized velocities. Note that the inertial velocity of the muzzle of
the AA gun depends on the motions of the AA gun, the turret and the
vehicle body of the mobile ADS.



Chapter 4 : Dynamic Model and Nonlinear Control of the Mobile
Air Defence System

By using the methods presented in Appendix B the basic dynamic
model of the mobile air defence system is derived. The basic dynamic
model describes the 15 generalized accelerations in terms of 15
deneralized applied forces and 13 Lagrange multipliers. Four of the
deneralized applied forces are nonzero and correspond to the 4 applied
torques. The kinematic model of the mobile ADS is applied in order to
derive the reduced dynamic model of the mobile ADS. The reduced
dynamic model describes the 4 independent generalized accelerations
in terms of the 4 applied torques and does not contain the Lagrange
multipliers.

Thus, the reduced dynamic model is employed in order to derive a
nonlinear feedback control law for the mobile ADS by using inverse
dynamics transformations. The nonlinear feedback control law is for
the 4 applied torques and enables control of 4 variables related to the
motion of the vehicle body, the turret and the AA gun. The zero
dynamics of the controlled dynamic model of the mobile ADS is
analyzed.

A methodology is presented for the computation of the constrained
motion of the controlled dynamic model of the mobile ADS satisfying all
the holonomic and nonholonomic velocity constraints. In addition,
methodologies are presented for computing the vector of generalized
constraint forces and the vector of Lagrange multipliers. Since the
velocity constraints are not independent the vector of Lagrange
multipliers is not unique. Based on the results presented in Appendix B
the Moore-Penrose generalized inverse is applied in order to compute
the vector of Lagrange multipliers having minimum Euclidean norm.

Chapter 5 : Operational Modes of the Mobile Air Defence
System

The operational modes of the mobile ADS consist of various
combinations of the tracking modes of the vehicle body and of the AA
gun. The afore-mentioned tracking modes are based on the nonlinear
feedback control law developed in Chap. 4. In addition, some results
based on the firing rate of the AA gun are presented.

Chapter 6 : Point Mass Flight Dynamics Model of the Anti-
Aircraft Projectile



The point mass flight dynamics model of the AA projectile consists
of a set of nonlinear ODEs and includes a speed-dependent drag
coefficient. The trajectory of the AA projectile is computed by assuming
a completely stationary vehicle body, for a fixed aiming azimuth angle,
and for various aiming elevation angles of the AA gun. The case of zero
wind velocity and the case of non-zero wind velocity are considered.
Note that the inertial velocity of the AA projectile on exit from the
muzzle of the AA gun is the vector sum of the generic firing velocity of
the AA projectile and the inertial velocity of the muzzle of the AA gun.

Chapter 7 : The Fire Control Problem

The formulation and numerical solution of a conceptual fire control
problem FCA is presented. This involves the specification of a finite
number of intercept times of the AA projectile with the CM of the AAT.
For each given intercept time, the required aiming azimuth and
elevation angles of the AA gun are computed as well as the time of flight
of the AA projectile to the CM of the AAT. The fire control problem is
also formulated using feasible control.

The numerical solution of fire control problem FCA is obtained for
the case where the vehicle body of the mobile ADS is completely
stationary and for the case where the vehicle body of the mobile ADS is
moving forward at constant speed and in a straight line. The obtained
numerical results for fire control problem FCA are applied in Chaps. 8
and 9.

Chapter 8 : Computation of the Impact Point of the AA
Projectile on the Body of the Attacking Aerial Target

The geometry of the three-dimensional body of the AAT is specified
and the relative kinematics between the AA projectile and the AAT are
derived. A methodology is presented for computing the impact point of
the AA projectile on the body of the AAT.

Chapter 9 : Computation of the Probability that the AA
Projectile Will Impact the Body of the Attacking Aerial Target

A stochastic model is proposed for the random direction of the
generic firing velocity vector of the AA projectile relative to the
longitudinal axis of the AA gun. The random direction is constructed by
using a random azimuth error angle and a random elevation error
angle.



Thus, the point mass flight dynamics model of the AA projectile is
subject to random initial conditions that are a function of the above-
mentioned random error angles. A computational method is applied in
order to compute the probability that the AA projectile will impact the
body of the AAT. In addition, the computation of the probability that a
burst of AA projectiles will destroy the AAT, and the accumulative
probability that a burst of AA projectiles will destroy the AAT, is
presented. A verification method is applied in order to verify the
computational method used to obtain the probability that the AA
projectile will impact the body of the AAT.

Appendix A: Kinematics of Constrained Rigid Multibody
Systems Subject to Velocity Constraints that May Not be
Independent

Basic assumptions, results and methods are presented on the
kinematics of constrained rigid multibody systems subject to velocity
constraints that may not be independent. For example, the specified
configuration of the mobile ADS leads to a set of holonomic and
nonholonomic velocity constraints that are not independent. The
presented methods can be applied in order to derive the kinematic
model of the multibody system using all the velocity constraints. The
resulting kinematic model describes the generalized velocities in terms
of the selected independent generalized velocities.

Appendix B: Lagrange Equations for Constrained Rigid
Multibody Systems Subject to Velocity Constraints that May Not be
Independent

Basic assumptions, results and methods are presented on the
dynamics of constrained rigid multibody systems. By using the
d’Alembert-Lagrange principle, the Lagrange equations are extended
for the case where the velocity constraints may not be independent.
The results indicate that in the case of independent velocity constraints
the Lagrange multipliers are unique while in the case of dependent
velocity constraints the Lagrange multipliers are not unique. The
Moore-Penrose generalized inverse is applied in order to compute the
vector of Lagrange multipliers having minimum Euclidean norm.

In the literature, the Lagrange equations are usually derived by
assuming that the velocity constraints are independent. Thus, in order
to apply the Lagrange equations to the mobile ADS the set of not



independent velocity constraints has to be converted to a set of
independent velocity constraints (for example, by deleting the
redundant velocity constraints). In general, this approach may imply a
corresponding modification of the given physical configuration of the
multibody system (Chap. 1). Some auxiliary results are presented
dealing with the computation of a general solution of consistent
simultaneous linear equations.

It is recommended that Appendices A, B, are consulted in parallel
with Chaps. 1-9, and particularly with Chaps. 1-5. This will familiarize
the reader with the assumptions and notations used in the derivation of
the kinematic and dynamic models of the mobile ADS and of the
nonlinear feedback control law. Thus, the contents of the book can be
studied in the following sequence.

1.
Chapter 1. (Appendices A, B)

Chapter 2.
Chapter 3.
Chapter 4.
Chapter 5.

Chapters 6-9.

This work will be of interest to the following audiences.

Postgraduate students and advanced undergraduate students
studying at general universities and at national defence universities
for degrees in the following fields.

(a)

Electrical, Mechanical, Aerospace and Industrial Engineering.
(b)

Applied Mathematics, Physics, Statistics/Stochastics and

Scientific Computing.



Academic staff working at the above-mentioned university
2. departments.

Engineering and science professionals working for the following
organizations.

(a)

Defence-related companies dealing with the development and
manufacture of wheeled vehicles, motorized systems and
mobile air defence systems.

Defence-related research institutes.

Research institutes working in the dynamic modelling and
nonlinear control of transportation systems.

Industrial companies dealing with the development and
manufacture of ground vehicles and interested in comparing
alternative approaches to the dynamic modelling of wheeled
vehicles. For example, assuming perfect rolling of the wheels
compared to the case where tyre models are used and where
slipping of the wheels does take place.

In particular, the research monograph is intended for those that are
interested in one or more of the topics and methodologies enumerated
on p. viii-ix. Enumeration is used in this work in order to present in a
compact form various assumptions, results and methods, as
appropriate.

Constantinos Frangos
Pretoria, South Africa
March 2020
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1. Introduction

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter presents a summary of Part 1 and Part 2 of the research
monograph as follows.

1.
Part 1: Kinematics, dynamics and nonlinear control of the mobile

air defence system subject to holonomic and nonholonomic
velocity constraints (Chaps. 2, 3, 4, 5 and Appendices A, B).

Part 2: Performance evaluation of the mobile ADS against an
attacking aerial target (Chaps. 6, 7, 8 and 9).
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1.1 Part 1: Kinematics, Dynamics and
Nonlinear Control of the Mobile Air Defence
System Subject to Holonomic and

Nonholonomic Velocity Constraints

The mathematical modelling of the mobile ADS is considered by using
the Lagrange equations ([10, 81, 94, 107, 117, 125, 147, 167,172, 179,
215]). Related applications dealing with the dynamic modelling and
nonlinear control of front-wheel-drive and rear-wheel-drive vehicles
are presented in [60-63].

In this work, the term holonomic velocity constraint is used to refer
to a velocity constraint that can be integrated analytically with respect
to time, to yield a geometric constraint. It follows that if a geometric
constraint is differentiated with respect to time then a holonomic
velocity constraint is obtained. In addition, this work uses the term
nonholonomic velocity constraint to refer to a velocity constraint that
cannot be integrated analytically with respect to time. Thus, it is not
possible to convert a nonholonomic velocity constraint to a geometric
constraint ([23, 101, 129, 147]).

Many references use a more compact terminology as follows. Firstly,
the term holonomic constraint is used to refer to a geometric constraint
and to a holonomic velocity constraint. Secondly, any constraint that
cannot be converted to a holonomic constraint is referred to as a
nonholonomic constraint ([81, 147]).

The mobile ADS consists of N = 11 rigid bodies and is controlled

by m. = 4 applied torques. The vector of generalized co-ordinates ¢
consists of a total of n = 15 elements, ¢ € R”, and the vector of
generalized velocities p = dq/dt consists of n = 15 elements, g € R"

(bold letters are used to denote vector and matrix quantities). In order
to simplify the presentation it is assumed that the applied torques are
implemented by electric motors. The following holds with regard to the
applied torques.



Firstly, there is a steering system torque associated with the
steering system rotation angle relative to the vehicle body, 0,. If the

steering system is rotated through an angle 9, then the left and right
front wheels are steered through angles 03 and 03, respectively

(Fig. 1.1).
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Fig.1.1 Schematic of the mobile air defence system

Secondly, there is a drive system torque associated with the rotation
angle of the drive system relative to the vehicle body, «;. The drive

system drives (or rotates) the rear wheels 1 and 2 via a differential
gearbox and side shafts.



Thirdly, there is a torque associated with the rotation angle of the
turret electric motor rotor in azimuth relative to the vehicle body, yy.

The turret electric motor rotor drives a gearbox based mechanism that
rotates the turret in azimuth relative to the vehicle body by an angle .

Fourthly, there is a torque associated with the rotation angle of the
AA gun electric motor rotor in elevation relative to the turret, {,. The

AA gun electric motor rotor drives a gearbox based mechanism that
rotates the AA gun in elevation relative to the turret by an angle (.

The operation of the front wheel steering system, the rear-wheel-
drive system, the turret motor drive system and the AA gun motor drive
system lead to holonomic velocity constraints. The assumption that all
four wheels roll perfectly leads to nonholonomic velocity constraints
([23, 73,129, 147]). Thus, the systems comprising the mobile ADS
result in a total of m = 13 holonomic and nonholonomic velocity

constraints of which only 75 = 11 are independent. Thus,
ng =n —rg = 4 of the 15 generalized velocities can be selected to be

independent generalized velocities. In this case, the vector of
independent generalized velocities is selected as follows p = [§,, @5,

¥, £]T € R* Hence, for the mobile ADS, the number of applied torques

is equal to the number of independent generalized velocities,
ng=m,=4%.

Let (O rer(1), s ref (1), Vrer(t), rer(1)), t = 0, denote reference
trajectories for the steering system rotation angle 0,(¢), the drive
system rotational velocity &(f), the turret azimuth rotation angle y(1),
and the AA gun elevation rotation angle {(¢), respectively.

Let the vectors 7;(f) and 1 ,./(f), t 2 0, i; .s(¢), be defined as

follows



ds () d25,(1) day(D) dzas(t)r

1) = 6\; 4 ) ’ ’ ’
i) i ) dt = dr? dt dr?

[ dy() &P dc) d*®l'
’IZ(Z) = ?/(t)’ z/iit)’ dzgt)’g(t)’ fi(l‘t), dé;gt)] ’

A, ref(1) d*6ref(t) Agres(t) dPagrer(®)]
nl,ref(t) = lév,ref(t)a ! s ! s 4 ’ dtzf s

dt dr? dt
AYrer(t) d*yres(1) Alrer(t) d*Lres@)]'
reff) = ref(f), 5 s Cref(l), ’ .
2sefO) [7/ r® dt dr? bref (1) dt dr?

A nonlinear feedback control law is required for the four applied
torques such that 7;(¢), t > 0, n;,./(f), asymptotically tracks the

reference trajectory 1; .¢(t), t > 0, 1 .4(f), as follows

,lil?o(m(t) — N1 ref(1)) =051,

. 1.1
M (72(0) ~ 276 (1)) =g -y

The initial values 7;(0) and 7;(0) may possibly not coincide with the
initial reference values 1 ,.7(0) and 7y ,.£(0). In this case, the

nonlinear feedback control law should rotate the steering system, the
drive system, the turret and the AA gun such that asymptotic tracking
of the reference trajectories is achieved, (1.1). It is assumed throughout
that the mobile ADS is moving forward at all times.

Most texts on classical mechanics formally derive the Lagrange
equations for constrained rigid multibody systems, by assuming that
the velocity constraints are independent ([10, 36, 81, 147, 172]). Thus,
in order to directly apply the Lagrange equations to a system like the
mobile ADS, not independent velocity constraints have to be converted
to a set of independent velocity constraints. This approach is followed
in [60, 61], for the case of a ground vehicle.



Each velocity constraint is associated with a different Lagrange
multiplier. Furthermore, in some applications Lagrange multipliers
correspond directly to constraint forces or to constraint torques and
thus have units of force (N) or torque (Nm), respectively ([36, 85, 179]).
However, as mentioned in [61], the particular interpretation of the
Lagrange multipliers depends partly on the form and structure of the
velocity constraints.

There are many multibody systems with a given physical
configuration consisting of rigid bodies connected by various types of
joints or links leading to velocity constraints that are not independent.
References [158, 159, 176, 177], discuss the fact that dependent
velocity constraints are common in practical applications. In such cases,
removal of the redundant velocity constraints may imply a
corresponding modification of the given physical configuration of the
multibody system.

Thus, if the specified configuration of a multibody system leads to a
set of velocity constraints that are not independent then the following
should be considered.

1.
If the redundant velocity constraints are directly deleted then this

results in the removal of the associated Lagrange multipliers
(Chaps. 3 and 4).

If a reduction procedure is applied (for example, transformation of
the velocity constraints matrix to reduced row echelon form,

Chap. 3) then the form and structure of the resulting independent
velocity constraints may be different to the form and structure of
the original not independent velocity constraints.

Deletion or reduction of the redundant velocity constraints may
imply a corresponding modification of the given physical
configuration of the multibody system.

4. Deletion or reduction of the redundant velocity constraints may
limit the possibility of a direct correspondence between the
Lagrange multipliers of the resulting system and the constraint
forces and torques present in the original system subject to all the
velocity constraints.



Based on the above it appears advantageous to consider all the
velocity constraints together, preserving the original form and
structure of the constraints (Chap. 3).

By using the d’Alembert-Lagrange principle, the Lagrange
equations for constrained rigid multibody systems are extended for the
case where the velocity constraints may not be independent
(Appendices A, B and [62]). It is assumed that the rank of the velocity
constraints matrix is constant for all motions of the system. It is shown
that the following holds.

1.
If the velocity constraints are independent then the vector of

Lagrange multipliers is unique.

If the velocity constraints are not independent then the vector of
Lagrange multipliers is not unique.

The vector of generalized constraint forces is equal to a unique
vector of expressions.

In addition, a method is proposed to practically compute the vector
of Lagrange multipliers using the Moore-Penrose generalized inverse
(Appendix B, and [80, 125, 126]). The proposed method results in the
vector of Lagrange multipliers that has minimum Euclidean norm and
is applicable to cases of independent and not independent velocity
constraints.

References [158, 159, 176, 177], consider the simulation of large-
scale rigid multibody systems subject to dependent velocity constraints
by using the Newton-Euler equations ([50, 155]). The afore-mentioned
references follow an approach that is similar to the one used here and
employ all the velocity constraints and the Moore-Penrose generalized
inverse in order to compute the vector of Lagrange multipliers. The
Moore-Penrose generalized inverse is also widely used in the control of
constrained rigid multibody systems with redundant actuators and/or
redundant sensors ([125, 215]).

Reference [145] considers the case of nonlinear nonholonomic
velocity constraints that may not be independent by applying a general
approach based on the Gauss principle and differential algebraic



equations (DAEs). The framework of DAEs does not seem to be directly
applicable to the derivation of nonlinear feedback control laws for
constrained rigid multibody systems ([154]). In addition, Ref. [145]
considers computational examples involving mainly uncontrolled
multibody systems subject to linear nonholonomic velocity constraints
that are independent.

In summary, the following analyses and derivations regarding the
kinematics, dynamics and nonlinear control of the mobile ADS are
presented ([60-62]).

1.
Basic description of the rigid bodies comprising the mobile ADS

and the resulting holonomic and nonholonomic velocity
constraints. In this case, the velocity constraints are not
independent.

Derivation of the kinematic model of the mobile ADS by using all
the velocity constraints. The kinematic model describes the vector
of generalized velocities ¢ in terms of the vector of independent

generalized velocities p; ([23, 73, 81, 147, 155, 174]).

Derivation of the basic dynamic model of the mobile ADS
describing the vector of generalized accelerations dp/dt in terms

of the vector of generalized applied forces Q4, Q4 € R", and the
vector of Lagrange multipliers A, A € R™. The 4 nonzero elements
of the vector of generalized applied forces 4 have units of torque

(Nm) and correspond to the 4 applied torques.

Derivation of the reduced dynamic model of the mobile ADS
describing the vector of independent generalized accelerations
dp,/dt in terms of the 4 applied torques. The reduced dynamic

model does not include the vector of Lagrange multipliers 4 ([23,

73,81, 147, 155, 174]).
Thus. the reduced dvnamic model of the mobile ADS is used in



5. order to derive a nonlinear feedback control law by employing
inverse dynamics transformations. In particular, the nonlinear
feedback control law is derived for the applied torques such that

the mobile ADS achieves the specified asymptotic tracking
performance, (1.1) ([35, 99, 124, 153]). The closed loop nonlinear
control system consists of the combination of the kinematic and
reduced dynamic models of the mobile ADS and of the nonlinear
feedback control law, and is referred to as the controlled dynamic
model of the mobile ADS.

Analysis of the zero dynamics of the controlled dynamic model of
the mobile ADS.

Methodology for the computation of the constrained motion of the
controlled dynamic model of the mobile ADS satisfying all the
holonomic and nonholonomic velocity constraints.

Methodology for the computation of the vector of generalized
constraint forces Q¢, Q¢ € R”, by using the constrained motion of

the controlled dynamic model of the mobile ADS.

Methodology for the computation of the vector of Lagrange
multipliers A by using the vector of generalized constraint forces

Q¢ and by computing the Moore-Penrose generalized inverse of

the transpose of the velocity constraints matrix.

The Newton-Euler equations for constrained rigid multibody
systems subject to velocity constraints that are independent are
presented in [10, 81, 125, 215] (for computer implementations,
extensions and applications see [3, 50, 117, 141, 150, 151, 154, 160,
162,174, 181]).

In [63, 64], by using the d’Alembert principle ([81]), the Newton-
Euler equations for constrained rigid multibody systems are extended
for the case where the velocity constraints may not be independent
([158, 159, 176, 177]). By applying the Newton-Euler equations
developed in [63, 64], the basic dynamic model of the mobile ADS is



derived, and is verified to be identical to the basic dynamic model
obtained by using the Lagrange equations (Chap. 4).

The approach followed in this work is similar to the approach
followed in [129] (see also [26, 45, 106, 107, 146]). Reference [129]
considers the mathematical modelling of various types of vehicles and
assumes in some cases perfect rolling of the wheels. The assumption of
perfect rolling of the wheels leads to nonholonomic velocity constraints
being imposed on the motion of the vehicle ([23]). In this case, the
framework of Lagrangian mechanics generates the required
generalized constraint forces in order to enforce the velocity
constraints.

Alternative methods have been used in the modelling and control of
various ground vehicles, see for example [25, 86, 87, 129, 185], and the
references given there. Reference [25] presents the modelling and
control of a four-wheel mobile robot with skid-steering. In this case, the
wheels skid in order to maneuver the vehicle. In [86, 87], the modelling
and control of a heavy truck is presented, and the wheels are allowed to
slip during vehicle maneuvers. Thus, in [25, 86, 87], perfect rolling of
the wheels is not assumed, and specific models are used in order to
compute the forces at the point of contact of each wheel with the
horizontal plane. Since perfect rolling of the wheels is not assumed, the
corresponding nonholonomic velocity constraints are not applicable.
Reference [185] presents a number of additional vehicle drive system
configurations including tracked vehicles.

The control design procedure used in this work employs inverse
dynamics transformations ([25, 35, 41, 99, 153, 154, 162, 167, 182]).
The control design procedure has been used to develope nonlinear
feedback control laws for ground vehicles ([60-64]), a rolling disk ([47,
58]), and an autonomous bicycle1 ([213]). One advantage of this
approach is that a nonlinear feedback control law is obtained for a
complicated nonlinear dynamic model of the mobile ADS with vector of
generalized co-ordinates in R13.

Alternative methods for the control of nonlinear systems are
presented in [88, 99, 109, 130, 167]. Some of these methods are based
on differential geometric techniques, and seem difficult to apply to
nonlinear systems of high order. For additional references on nonlinear



control methods and applications see [28, 29, 31, 49, 53, 54, 103, 134,
170].



1.2 Part 2: Performance Evaluation of the
Mobile Air Defence System Against an
Attacking Aerial Target

The performance evaluation of the mobile ADS against a given AAT is
considered (Chaps. 6, 7, 8 and 9).

Chapter 6 deals with the point mass flight dynamics model of the AA
projectile ([8, 9, 24, 79, 115, 116, 122]) as follows.

1.
The AA projectile is considered to be a point mass and the flight

dynamics model describes the inertial motion of the point mass
using a set of nonlinear differential equations ([79, 115]). The
rotational motion of the actual AA projectile is not considered.

The differential equations of the point mass model together with
the specified initial condition define an initial value problem. The
final time of the initial value problem is determined by the impact
of the AA projectile on the ground represented by the inertial (X, Y)
plane ([44, 119]).

The AA gun fires a single projectile at a sequence of increasing
aiming elevation angles and at a fixed aiming azimuth angle. It is
assumed throughout that the mobile ADS remains completely
stationary from the firing time until the time the projectile impacts
the inertial (X, Y) plane. The case of zero wind velocity and the case
of a given cross wind velocity are considered.

In all cases, the trajectory of the AA projectile is computed by
solving numerically the initial value problem using a fourth order
Runge-Kutta algorithm with a fixed time-step ([44]).

Chapter 7 presents the formulation and numerical solution of a
conceptual fire control problem FCA as follows.

1. Fire control problem FCA involves the specification of a finite
number of intercept times of the AA projectile with the CM of the



AAT, t >0, k=1,2,...,ny. The associated firing times 7 > 0,

k=1,2,..,ny,are obtained as shown below.

For each given intercept time 7 > 0 the following quantities are

computed.

a.
The inertial azimuth and elevation angles of the fire control

(FC) vector, arc(tfirex), arc(tfirek). At time ¢ > 0, the aiming

azimuth and elevation angles of the AA gun are equal to
aFC(tfire,k) and aFC(tfire,k); respectively.

The time of flight of the AA projectile to the CM of the AAT,
Aiofc-

It follows that the firing time of the AA projectile is
trirex = thick — Awofci-

The fire control problem is also formulated using feasible
control ([55, 56,59,210-212]).

" A schematic of the deployment of the mobile ADS and the
trajectory of the AAT is shown in Fig. 1.2. The defended location is
at the origin O; of the inertial co-ordinate system (X, Y, Z). The

computational results obtained for fire control problem FCA are
applied directly in the performance evaluation of the mobile ADS
against the AAT in Chaps. 8 and 9.
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Fig.1.2 Schematic of the deployment of the mobile ADS and the attacking aerial target; the
defended location is at the origin O,

Chapter 8 deals with the following.

The geometry of the three-dimensional body of the AAT is given in
Fig. 1.3. A body reference frame By, is defined with origin fixed at

the center of mass of the AAT.

A methodology is presented for computing the impact point of the
AA projectile on the body of the AAT relative to the origin of the
body reference frame B,,,, and expressed in By,,.
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Fig. 1.3 Schematic of the attacking aerial target

Chapter 9 deals with the following.

The stochastic model describing the dispersion of the AA
projectiles fired by the AA gun.

Computation of the probability that the AA projectile fired at time
t > 0 will impact any point on the body of the AAT, P .

The vulnerability model of the AAT assumes that if one or more AA
projectiles impact the body of the AAT then the AAT is destroyed.
Thus, if one AA projectile is fired then the probability that the AAT
will be destroyed is Ppjs7 k-

Computation of the probability that a burst of N, AA projectiles

will destroy the AAT, and the accumulative probability that a burst
of N, AA projectiles will destroy the AAT.

A verification method is applied in order to verify the
computational method used to obtain the probability P .



Subsequent Chapters refer to Figs. 1.1, 1.2 and 1.3. These Figures
are repeated there for convenience and for ease of reference.

Footnotes

1 “Life is like riding a bicycle. To keep your balance you must keep moving”— Albert Einstein,
world famous physicist and winner of the 1921 Nobel Prize in Physics for his discovery of the
law of the photoelectric effect, [48].
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2. Overview of the Mobile Air Defence
System

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter presents an overview of the mobile air defence system as
follows.

1.
The mobile ADS is a constrained rigid multibody system consisting

of several connected rigid bodies (Fig. 2.1).

A detailed description of each rigid body is given together with the
associated holonomic and nonholonomic velocity constraints.

A number of variables related mainly to the AA gun are defined.

2.1 Multibody System Representation of the
Mobile Air Defence System

The mobile air defence system considered in this work is modelled as a
constrained rigid multibody system (Fig. 2.1). It is assumed that the
mobile ADS is controlled by m. = 4 applied torques.
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Fig.2.1 Schematic of the mobile air defence system

First, there is a steering system torque 7’5, that steers the front
wheels via a steering system. Second, there is a drive system torque 7,

that drives the rear wheels via a differential gearbox and sideshafts.
Third, there is a torque 7', that rotates the turret in azimuth via a

gearbox based mechanism. Fourth, there is a torque 7, that rotates the

AA gun in elevation via a gearbox based mechanism.
In order to simplify the presentation it is assumed that the applied
torques are implemented by 4 electric motors denoted by EM;, , EM,,



, EM,, and EM;,, respectively. The electromagnetic transients of the

electric motors are not taken into account. In particular, it is assumed
that there is an ideal closed-loop controller for each of the 4 electric
motors ensuring that each motor produces the specified reference
torque value instantaneously, thatis, T, Ty, Ty, and T,

respectively.
The mobile ADS consists of a total of N = 11 rigid bodies,

N = 11. (2.1)

The designation of each rigid body is indicated in subsequent Sections.
All co-ordinate systems used in this work are right-handed Cartesian
co-ordinate systems. It is assumed that there is an inertial reference
frame I and an associated co-ordinate system (X, Y, Z) with unit vectors
(I, I,, Is) and with origin fixed at point Oy, Fig. 2.1 (Appendix A).

Furthermore, for each rigid body i, there is a body reference frame B;
and an associated co-ordinate system (X3, Y5, Zp,) with unit vectors
(I, J ,» Kp,) and with origin fixed at the center of mass of rigid body i,
(XB;, Yp.,Zp,) ((A.3), Appendix A). Thus, body reference frame B;

translates and rotates together with rigid body i.
In order to simplify the dynamic model of the mobile ADS the
following assumptions are made.

1.
The centers of mass of the four wheels, the turret, the drive system,

the steering system and the turret electric motor rotor are fixed
relative to the origin of the body reference frame of the vehicle
body.

The center of mass of the AA gun electric motor rotor is fixed
relative to the origin of the body reference frame of the turret.

The following quantities and notations are relevant in the kinematic
and dynamic modelling of the mobile ADS (Appendices A and B).



The unit vectors of body reference frame B; expressed in the

inertial reference frame I are denoted by (70~ y!) Kg))‘ The

rotation matrix from the body reference frame B; to the inertial
reference frame I, Rp >/, is defined in terms of the afore-
mentioned unit vectors as follows

Ry = 1) 1 J3) 1 K. (2.2)

The rotation axis sequence is Z — X — VY. The associated Euler
angles are denoted by «; in azimuth, @; in elevation, and @; in

roll and are provided for the case of the vehicle body, the turret
and the AA gun, that is, for rigid bodies 5, 6, 7, respectively. It
follows that

Ry(P)Rx(O)RZ(¥) = Rpp, = Ry, i=5,6,7.  (2.3)

All four wheels have equal radius denoted by a.

The angular velocity “’(Bi)l of the body reference frame B; with

il

respect to the inertial reference frame I and expressed in the body
reference frame B; is given by

(Bj)

(Bj) (B)) (B ) ]T
Bjrl

= lwg, 1. Birly> WBirlz

W (2.4)

The inertial position ,{/) and the inertial velocity /) = g /0 /q;
l l l

of the center of mass of rigid body i are given by
PO [F(I) r(l) (1)]T ) ) (1) (1)]T

. . . v, = [v; iy
I ix ? i ix’ ?

(2.5)

Far carnh riadid hadxri MA. Adanntoac tha mace m. ~ ) and (B
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denotes the inertia matrix about the center of mass and expressed
in the body reference frame B;, qB) = (BT, (Bj)
y Ve (I det(T;7) >0

(Appendix B).

The gravitational force acting at the center of mass of rigid body i
and expressed in the inertial reference frame I is given by

F) . = —mgls, (2.6)

where g is the gravitational acceleration, g = 9.81 m/s2.

In the case of the mobile ADS, the resultant applied forces are all
Zero, Fg)l = 03> XB:» VB, Zp)).

The resultant applied torque TI(L‘BQ acting about the center of mass
J

of rigid body i and expressed in the body reference frame B; is

iven b (B) = B pB) BT and 70D = (B)) . The
8 yT A, [TA,ix’ TA,iy’ TA,iz] TA,i RB,ZI r A,

resultant applied torque TﬁxB{) is expressed in terms of the applied
J

torques 15, Ty, T,,, Ts,, as appropriate.

The geometric and velocity constraints applicable to rigid body i.
The time derivative of the geometric constraints together with the
velocity constraints result in a set of holonomic and
nonholonomic velocity constraints for the mobile ADS that are not
independent.

The kinetic energy, &;, and potential energy, V;, of rigid body i

are given by



o 2 UNT W) e (BONT o (Bi) |, (B))
E = 2ml(vl. ) v, +2(wB,-rI) J; Wy 1> (2.7)

Vi = mgr?. (2.8)

1z

12.
The notation 7 and 7 denotes the first and second derivatives of x

with respect to time t.

Hereafter, the details of each rigid body comprising the mobile ADS
are presented.

2.2 Vehicle Body (Body 5)
The vehicle body is designated as Body 5. The body reference frame Bs

has an associated co-ordinate system (X Bs» Y Bs> ZBS) with unit vectors

( I(I) J(l ) K%”) defined below, and with origin fixed at the center of
5

mass of the vehicle body, that is, point B in Fig. 2.1. The relevant
rotation matrix is given by

Rpor = [Iy) i J3) K1, (2.9)

It is assumed that the vehicle body translates parallel to the inertial
(X, Y) plane and rotates about the Zp, axis that is always parallel to the

inertial Z axis. It follows that the (X3., Y5;) plane is always parallel to

the inertial (X, Y) plane. Various systems of the mobile ADS rotate with
respect to the vehicle body. In some cases this involves rotation about
an axis that is parallel to the Zp, axis.

Define k; to be a unit vector along the line that passes through the

centers of wheels 1 and 2 (Fig. 2.1) diven by
(2.10)



ki = cos(B)I; + sin(B)I5.

Let k| be a unit vector orthogonal to k| given by

ky, = —sin(B)I; + cos(B)I,. (2.11)

The unit vectors of the body reference frame Bs are given by

I) = ki, J§ =k, K =L (2.12)

The Euler angles of the vehicle body are obtained from (2.3), and are
given by

Ys =B, 05 =0, &5 =0. (2.13)
The angular velocity of the body reference frame Bs with respect to the

inertial reference frame I is given by
B . . I .
w§355r)1 = PKps = ﬂKﬁg; = pI;. (2.14)

Let ;) denote the inertial position of point O in the vehicle body
l

(Fig. 2.1), and ”(01,)4 the inertial position of the vertical projection of
point O onto the inertial (X, Y) plane, given by
rY =xI; + yI, + al;, (2.15)
rh =xI, + yb. (2.16)
Let rﬁ’ ) denote the inertial position of the center of mass of the vehicle

body (point B in Fig. 2.1) given by
I‘gl) = .XIl + y12 + hbl3 + Lbkz, (2.17)



where p; denotes the vertical distance of point B above the inertial
(X, Y) plane, h; > a, L, > 0. By using (2.15), (2.16), (2.17), the inertial

velocities ), j = 0, OA,5, are obtained as follows
l

d]l’(.l)
)] J .
y, = —, = 0,0A,S5, (2.18)
J dt J
X X & — Ly cos(B)B
D _ |y h _ |y D — |y L .
= Vo Y| Voa Y| Vs y—Lysin(B)B|. (2.19)
0 0 0

The variables x, y and n are part of the generalized co-ordinates of the

mobile ADS. The mass of the vehicle body 5 is given by

ms = mp. (2.20)

It is assumed that the inertia matrix of the vehicle body, ngs), is given

by ([10, 81])

Jp1 0 0
ngS) =0  Jnn —Jp3] (2.21)
0 —J3 Jp3

where Jbl, Jbl: Jb23, m = 13.

2.2.1 Electric Motors EM,,,, EM, and EM;,

The following assumptions are employed with regard to the electric
motors EM,,, EM, and EM;,.

1. The stators of the electric motors EM,,, EM, and EM;, are

rigidly mounted on the vehicle body, and thus form part of the



vehicle body.

The rotor of the drive system electric motor EM, forms part of

the drive system that extends outside of the electric motor. Thus,
the resultant applied torque acting about the center of mass of the
drive system (Body 8) is given by

r X,)g = Toko. (2.22)

The rotor of the steering system electric motor EM;, forms part of

the steering system that extends outside of the electric motor. Thus,
the resultant applied torque acting about the center of mass of the
steering system (Body 9) is given by

T, = TsIs. (2.23)

The rotor of the turret electric motor EM,, drives a gearbox based

mechanism whose output rotates the turret relative to the vehicle
body in azimuth. Thus, the resultant applied torque acting about
the center of mass of the rotor of electric motor EM,,, (Body 10) is

given by

TX,)IO = TyIs. (2.24)

Newton’s third law states that “for every action there is an equal
and opposite reaction” ([10, 81]). It is assumed here that electric
motors EM, , EMs, and EM,, satisfy Newton's third law

(extended for the case of torques).
. Thus, it follows from the above that there is a reaction torque
—T,,k, acting on the stator of electric motor EM,, a reaction

torque —7s I3 acting on the stator of electric motor EM; ,and a

reaction torque —7', I3 acting on the stator of electric motor EM,,,



(pp. 573-575, [42]).

Furthermore, since the stators of the electric motors EM,, ., EMj;,
and EM,,, form part of the vehicle body, it follows that the above-

mentioned reaction torques sum to a resultant applied torque
acting about the center of mass of the vehicle body (Body 5) given
by ((2.12))

B
Tg,)s = —To,ky — Ts, 15 — Ty I3, Ti‘g) = R1235T§‘1,)5. (2.25)

(For other applications involving electric motor reaction torques
refer to Example 9.2, pp. 494-496, and Exercises 4, 6, 20, pp. 542-
544, [10].)

2.3 Wheels 1, 2, 3 and 4 (Body 1 to Body 4)

The vehicle wheels 1, 2, 3 and 4 are designated as Body 1, Body 2, Body
3 and Body 4, respectively (Fig. 2.1). The body reference frame of wheel
iis B; and has an associated co-ordinate system (X, Y3,Zp.) with

unit vectors ( ]g ), Jg), KE?) defined below, and with origin fixed at the

center of mass of wheel i, that is, at the center of wheeli, i = 1,2, 3, 4.
The relevant rotation matrix of wheel i is given by

Rpp = 1) 1 Jy) 1K1, i=1,2,3,4. (2.26)
With regard to wheels 1 and 2, define the vectors

i; =cos(q;)(—15) + sin(a))k,,

Ji = —sin(a;)(—1I3) + cos(a)k,, i=1,2, (2.27)



where 0, is the rotation angle of wheel i relative to the vehicle body
and about an axis through the center of wheel i and parallel to k1,
Nires(1), respectively (Fig. 2.1). Hence, ¥ and j; are always in the plane
of wheel i, 1;,.7(f). The unit vectors of the body reference frame B; of

wheeli, 1; .(t), are given by

Igf = i Jgf = Jis Kgf = ki, i1=1,2 (2.28)
The angular velocity of the body reference frame B;, 1; ,.7(f), with

respect to the inertial reference frame I is given by

wyy = —Beos(a)ls, + Bsin(a) s + @Kg,
’ , (2.29)
i=1,2,
ngﬂ = q;cos(BI, + a;sinB), + fI;, i=1,2. (2.30)
With regard to wheels 3 and 4, define the vectors
i, = cos(a;)(—I3) + sin(a;)v;,
. ) : (2.31)
Ji = —sin(@)(=I3) + cos(a;)vi, i=3,4,
& = cos(B+0)I +sin(B+6)I, =34, (2.32)
where
vV, = — sin(ﬁ + 51')11 + COS(,B + 51')12’ I = 3, 4, (2.33)

and where 0, is the rotation angle of wheel i relative to the vehicle
body and about an axis through the center of wheel i and parallel to m,
and 0; is the steering angle of wheel i relative to the vehicle body and

about an axis through the center of wheel i and perpendicular to the



(XBs, Yps) plane, 1; ,.7(7), respectively (Fig. 2.1). Hence, y and j; are
always in the plane of wheel i, 1, ,.(f). The unit vectors of the body

reference frame B; of wheeli, 1; ,.7(f), are given by

Igl) = ii, ng) = ji, Kg? = gi, l = 3,4' (234)
The angular velocity of the body reference frame B;, 1; .s(f), with

respect to the inertial reference frame I is given by

w(Bi) = —(B + 51) COS(O!,‘)IBZ- + (ﬁ + 61) Sin(a/i)JBi + diKBi’

Birl
i 92.35
i=3.4, (2:35)
Wl = @;cos(B+ ) + @;sin(B + )1, + (B + 6)I;,
, (2.36)

i=3,4.

Let ;) denote the inertial position of the center of mass of wheel i,
l

i = 1,2,3,4, respectively, given by

I I I I
r(l) = rg)) — L2k1’ r(z) = rg)) + L2k1, (237)

r) = 1 — Lk + Lo, 70 = #D + Lk + Lk, (2.38)

where

r(zl) — I’(II) = lel, I‘Ell) - I‘gl) = lel, L2 = L1/2,

and where L; denotes the length of the lines joining the centers of the

front wheels, and the centers of the rear wheels, L, > 0, L. > 0.

Denote by O the inertial velocity of the center of mass of wheel i given
l

by
(2.39)



1
= d’dif), i=1,2,3,4.
In this case, the variables «;, @, @1, @1, 03 and 03 are part of the
generalized co-ordinates of the mobile ADS. Wheel i has a mass 0,
given by
m; = my,, i=1,2,3,4. (2.40)

It is assumed that the inertia matrix of wheel i, j@Bi), is diagonal and is
l

given by
T = diag Ty Lo L), i=1,2,3,4, (2.41)

where Iwrl = IW,Q, Iwr3 > (.

2.3.1 Velocity Constraints

It is assumed that each wheel rolls perfectly. This assumption leads to
the following nonholonomic velocity constraints at the point of contact
of wheel i with the (X, Y) plane ([58, 129]),

() )

Vl + wBl'I‘I X (_al?,) = 03)(17 l - 1, 27 374’ (2.42)

where 034, denotes the 3 by 1 matrix of zeros. Using (2.42), the

following constraints are obtained for each wheel.
Wheel 1:

% + Ly sin(B)8 — ajasin(B) = 0, (2.43)

y = Lycos(B)B + ajacos(B) = 0, (2.44)
Wheel 2:
X + L, sin(B)B — a1asin(B) = 0, (2.45)



y — Ly cos(B)5 + ajacos(B) = 0, (2.46)

Wheel 3:
x + (L sin(B) — L. cos(B))B — asin(B + 53)a3 = 0, (2.47)
y — (Lycos(B) + L. sin(,B)),B + acos(B + 03)d3 = 0, (2.48)
Wheel 4:
x + (L sin(B) — L. cos(B))B — asin(B + §3)a3 = 0, (2.49)
y— (Lycos(B) + L. sin(,B))B + acos(B+ 03)d3 = 0, (2.50)

It is not difficult to show that the inertial velocity vector of the center of
wheel i, ,() _ wg)l x (al3) ((2.42)), lies in the plane of wheel i,
i i

i =1,2,3,4, respectively.

During the motion of the vehicle, the virtual rectangle that consists
of the four corners that coincide with the centers of the four wheels has
constant shape and dimensions and moves in a fixed plane parallel to
the (X, Y) plane. Thus, the inertial velocities of the four corners of the
virtual rectangle are ,-51), i =1,2,3,4, respectively, (2.39).

It follows that the instantaneous center of rotation (ICR) of the
above-mentioned virtual rectangle lies at the intersection of lines
parallel to the (X, Y) plane, that pass through the centers of wheels 4, 3,
2 and 1, and that are perpendicular to the wheel center velocity vectors
rgf), ,,51), ,pl(f) and rlﬁl), respectively, [172] (Fig. 2.1). The steering

system steers the front wheels such that the above-mentioned relations
with respect to the ICR are satisfied and is similar to an Ackermann
steering system ([18]).

2.4 Turret (Body 6)



The turret is designated as Body 6. The body reference frame Bs has an
associated co-ordinate system (Xp,, Zp,, Zp,) with unit vectors

( Ig;, JEQ, ng) defined below, and with origin fixed at the center of
mass of the turret, that is, point T in Fig. 2.1. The relevant rotation
matrix is given by

Rpor = [y : Jy) i Ky, (2.51)

The turret rotates relative to the vehicle body in azimuth via a revolute
joint with a circular coupling between the two bodies. The axis of
rotation of the turret is a line that passes through the center of the
circular coupling and coincides with the Zp, axis. Thus, the center of

mass T of the turret lies on the axis of rotation of the turret. In addition,
the Zp, axis is always parallel to the Zp, axis of the vehicle body

reference frame implying that the (X3, Y3,) plane is always parallel to
the (X3, Ys) plane.
Let 7y denote the rotation angle of the turret relative to the vehicle

body in azimuth (Fig. 2.1). The unit vectors of the body reference frame
Bs are given by

zg; =cos(8 + Y)I; + sin(B + y)I, (2.52)
Jg; = —sin(B + Y)I; + cos(B + V)L, (2.53)
Ky =I. (2.54)

The Euler angles of the turret are obtained from (2.3) and are given by

s = B+y), O =0, Dg = 0. (2.55)



The angular velocity of the turret body reference frame Bs with respect
to the inertial reference frame I is given by
B 5
Wy = (B+7)Kg,. (2.56)

Let () denote the inertial position of the center of mass of the turret
l

(point T in Fig. 2.1) given by
B
r(61) = rgl) + RBszlhT, hr = h(T )= 0, Ay, hTz]T’ (2.57)
where h7 is a fixed vector in the body reference frame of the vehicle

body Bs.Let ) denote the inertial velocity of the center of mass of
l

the turret given by
d r(l)
p» = 6 (2.58)
6 dt

The variable vy is part of the generalized co-ordinates of the mobile

ADS. The mass of the turret mjs is given by

me = mr. (2.59)
It is assumed that the inertia matrix of the turret, ngs), is diagonal and
is given by
B .
jé O = diag (Jr1,Jr2, J13), (2.60)

where Zp, Zp,, Jr3 > 0.

2.4.1 Electric Motor EM;,

By using the same approach as in Sect. 2.2.1, the following results are
obtained with regard to the AA gun electric motor EMj, .



The stator of the electric motor EMj, is rigidly mounted on the

turret and thus forms part of the turret.

The resultant applied torque acting about the center of mass of the
rotor of electric motor EM;s, (Body 11) is given by

&0 _ 0 _ )
TA,ll - T§01811 - T§OIB6 (261)

(7O — j9,(2.52),(2.130)).
By Bg
It is assumed that the electric motor EM;, satisfies Newton'’s third

law (extended for the case of torques).

Thus, it follows from the above that there is a reaction torque
~T, Ig) acting on the stator of electric motor EMj, .
11

The above-mentioned reaction torque acts as a resultant applied
torque about the center of mass of the turret (Body 6) given by
((2.52))

H _ () (Be) _ (I
Tyo=-"Tolg, T,e =RnpT,s=-Tgls, (2.62)

2.5 Anti-Aircraft Gun (Body 7)
The AA gun is designated as Body 7. The body reference frame Bs has

an associated co-ordinate system (Xp,, Zp;, Zp,) with unit vectors

( Ig;, Jo. ng) defined below, and with origin fixed at the center of
mass of the AA gun, that is, point G in Fig. 2.1. The relevant rotation
matrix is given by

(2.63)



—_ 17D . 7D . D
Ry = (1Y) : 0 K.

The AA gun is carried by a mechanical structure that is rigidly attached
to the turret such that the following holds.

1.

The AA gun rotates relative to the turret in elevation via a revolute
joint and about an axis passing through point H (Fig. 2.1). The
rotation axis is perpendicular to the longitudinal axis of the AA gun,
and is parallel to the (X3, Yp,) plane (and to the (X3, Y,) plane).

Point H lies on the axis of rotation of the turret, that is, the Zp, axis,

and is vertically above point T, the center of mass of the turret.
Point H is fixed in the body reference frames of the turret and of the
vehicle body. In order to simplify the presentation point H is
alternatively referred to as the hinge point H of the AA gun.

The AA gun rotates together with the turret relative to the vehicle
body in azimuth.

Point M lies on the longitudinal axis and at the exit of the AA gun
(Fig. 2.1). In order to simplify the presentation point M is
alternatively referred to as the AA gun muzzle.

Let { denote the rotation angle of the AA gun relative to the turret

in elevation. In this work only motions of the mobile ADS are
considered such that { satisfies the following constraint

le(=n/2, n)2). (2.64)

The unit vectors of the body reference frame Bs are given by

I = cos(B+ I +sinB+y)l,, (2.65)

J3) = =sin(B +y) cos(OI + cos(B +y) cos(OLr + sin(O)3, (2.66)



Kg; =(sin(B + y) sin({)I1 + (= cos(B + y) sin({) 1> (2.67)
+ cos(O)I5.

The Euler angles of the AA gun are obtained from (2.3), and are given
by

V7= B+y), 07 =¢ P7=0. (2.68)

The angular velocity of the body reference frame Bs with respect to the
inertial reference frame I is given by

Wiy = g, + B+ ) ST b, + (B +7) cos(OKp,. (2.69)

The distance from point H to point G is denoted by L, and the distance

from point H to point M is denoted by N, (Fig. 2.1). Let /) denote the
l

inertial position of the center of mass of the AA gun (point G in Fig. 2.1)
given by

r%” = l”gl) + Rporhr + Rpoihy, + Rpoi(LeJ B,), (2.70)
hy, =hyo = [0, 0, hyl", (2.71)

where h,, is the vector from point T to point H, and is a fixed vector in

the body reference frame of the turret Bs. Let /) denote the inertial
l

velocity of the center of mass of the AA gun given by

dir’
yo — 7 (2.72)
7 dt

For later reference, the inertial position, velocity and acceleration of the
hinge point H of the AA gun are given by ((2.16), (2.19))

7D ()

w = T's + Rpoihr + Rporhy, (2.73)



x — sin(B)(Ly + hry) (2.74)
rD = |y +cos(®(Ly + hr))|,
hy + hr, + hy,,

—sin(B)(Ly + hry) X
ry = ron + | cosB)(Ly +hry) |, o) =|y], (2.75)
hy + hr, + hy, 0

4D X — cos(B)B(Ly + hry)

Vi = =2 = |3 = sinB)B(Ly + hry) | (2.76)
t
0
1 1 — cos(,B),Q'(Lb + hry) 1 X
v =y | =sin(BBWLy + hry) |, V0, = (3], (2.77)
0 0
) _dlvg)
b T
i+ sinB)B (Ly + hry) — cos(BYB(Ly + hry) (2.78)
. ) ) ..
=y = cos(B)B (Ly + hry) — sin(B)B(Ly, + hry) | -
0

The variable ¢ is part of the generalized co-ordinates of the mobile

ADS. The mass of the AA gun mj is given by

ms = my, (2.79)

It is assumed that the inertia matrix of the AA gun, j(737), is diagonal

and is given by
(2.80)



ng7) = dlag (nga Jg2, Jg3)a

where Jbl, Jbl, m = 13

2.6 Drive System and Differential Gearbox
(Body 8)

The drive system is designated as Body 8. The body reference frame Bjs
has an associated co-ordinate system (XB6, Zp, Zgé) with unit vectors

( Ig; Jg;, KEQ) defined below, and with origin fixed at the center of

mass of the drive system. The relevant rotation matrix is given by
—_ 17D . 7 . D
RB721 - [137 : JB7 : KB7]' (281)
Let «; denote the rotation angle of the drive system relative to the
vehicle body and about an axis parallel to k; (Fig. 2.1). The unit vectors

of the body reference frame Bs are given by

Ig; = cos(a)I3 + sin(ay)ky, (2.82)
T, = = sin(ag)l; + cos(a,)ki, (2.83)
Ky =k,. (2.84)

The angular velocity of the body reference frame Bs with respect to the

inertial reference frame I is given by

w%BS’i)I = Beos(a)lp, — Bsin(a,)J gy + @ Kp,. (2.85)



Let (O denote the inertial position of the center of mass of the drive
1

system given by
I’g) = XIl +y12 +Lsk2 +hsl3, (2.86)
where 03 denotes the vertical distance of the center of mass above the

inertial (X, Y) plane, h; > a, L. > 0. Let ) denote the inertial velocity
l

of the center of mass of the drive system given by

dr?
yO - o (2.87)
6 dt

The variable «; is part of the generalized co-ordinates of the mobile
ADS. The equivalent mass of the drive system is given by
mg = m. (2.88)

It is assumed that the inertia matrix of the drive system, j(737), is

diagonal and is given by
JY = diag (Jo1,Ja, Ja), (2.89)
where Jg = Jgo, J3 > 0.
With reference to Sect. 2.2.1, the electric motor EM, exerts a
torque 7, k> about the center of mass of the drive system. Thus, the
resultant applied torque is given by

TX}S = T, k», Tﬁfg) = T, Kz, (2.90)

2.6.1 Velocity Constraint

The simplified kinematic model of the differential gearbox introduces
the following velocity constraint (p. 294, [95]),



&1+ &y — kg, = 0, (2.91)
where k; = 2ky, and kj denotes the gear ratio of the differential

gearbox, ko # 0. In this case ko # 0, implying that

kd = 2 (292)

2.7 Steering System (Body 9)

A steering system implementing the basic relations of the Ackermann
steering system ([18]) is considered. In order to simplify the kinematic
and dynamic models of the mobile ADS, the steering system is modelled
as a lumped mass and designated as Body 9. The body reference frame
Bs has an associated co-ordinate system (Xp,, Zp,, Zp,) with unit

vectors (70 y) - gDy defined below, and with origin fixed at the
Bs’> " Bs> " Bs
center of mass of the steering system. The relevant rotation matrix is
given by
n. g . U
Rpp = [Ty : ) i K. (2.93)

Let 0, denote the rotation angle of the steering system relative to the
vehicle body and about the Zp, axis that is always parallel to the Zp,

axis of the vehicle body reference frame. It is assumed that if the
steering system is turned through an angle ¢, then an upright virtual

wheel with center located at point 7, is steered through an angle 0,
while at the same time wheel 3 is steered through an angle 03 and
wheel 4 is steered through an angle 03 (the line of symmetry of the

virtual wheel is shown in Fig. 2.1). The virtual wheel has radius a and is
assumed to roll perfectly on the (X, Y) plane.
The unit vectors of the body reference frame Bs5 are given by



I ;’; =cos(B + o)1 + sin(B + 6,)1, (2.94)
Jg; = —sin(B + 6,)I + cos(B + 0,)1, (2.95)

Ky =I. (2.96)
The angular velocity of the body reference frame Bs; with respect to the
inertial reference frame I is given by
B . o
Wy = (B+6,)Kp,. (2.97)

Let (D denote the inertial position of the center of mass of the steering
1

system given by
I’gl) = )CIl +y12 +ka2 +l’lvl3, (298)
where 03 denotes the vertical distance of the center of mass above the

inertial (X, Y) plane, h; > a, L. > 0. Let 0 denote the inertial velocity
1

of the center of mass of the steering system given by

dr?
yO - o (2.99)
6 dt

The variable 0, is part of the generalized co-ordinates of the mobile
ADS. The equivalent mass of the steering system is given by
mg = m. (2.100)

It is assumed that the inertia matrix of the steering system, 3839), is

diagonal and is given by

Ty = diag (Jy1, 12, 13, (2.101)



where J,; = J,n, Ji3 > 0.

With reference to Sect. 2.2.1, the electric motor EM;, exerts a
torque 7’5 I3 about the center of mass of the steering system. Thus, the
resultant applied torque is given by

B
Ty = Tods Ty3 = T5Kp, (2.102)

2.7.1 Geometric Constraints

Let (D denote the inertial velocity of the center of the virtual wheel,
l

that is, point T . Then, the line parallel to the (X, Y) plane, passing

through the point 7’5, and perpendicular to the velocity vector 0,
1

passes through the ICR (Fig. 2.1).

It follows from the above and Fig. 2.1 that the vehicle steering
system results in the following nonlinear geometric
constraints between 03 and 9,, and between 03 and 0,,

03 = arctan2 (L.sin(d,), —L, sin(d,) + L.cos(0,)), (2.103)
04 = arctan2 (L, sin(d,), L, sin(0,) + L.cos(d,)), (2.104)
subject to
. T
—L,sin(6,) + L. cos(6,) > 0, I3 € (—5, 5), (2.105)
. T
L, sin(6,) + L.cos(d,) > 0, 04€ (—5, 5), (2.106)
where

arctan2 (yy, x1) = arg(x; + jey1) € (—n, 7, (2.107)



denotes the four-quadrant arctangent function, arg(x; + j.y;) denotes

the principal argument of (x; + j.yv1), B;, y1 € R, je = v—1,and in

this case h, > a, (2.103)-(2.106) ([1, 4]). From (2.105), (2.106), it

follows that

T
arctan2 (-L.,L,) < §, < arctan2 (L., L), 0, € (—5, 5) (2.108)
Henceforward, only vehicle motions for which (2.105), (2.106), (2.108),
are satisfied will be considered. Using (2.108), (2.103), (2.104), the
limits of the front wheel steering angles 03 and 03 are as follows

—12 2L.L
arctan? —, 2| < 03 < g, (2.109)
Ji+ 1 2+ 13
L? 2L.L
I < 04 < arctan2 - 2 (2.110)

2 JI+13 12+ 13
In Chap. 4, a methodology is presented for computing the constrained
motion of the controlled dynamic model of the mobile ADS. In

particular, (2.103)-(2.104) are used to accurately compute the steering
angles 03, 03, as functions of time given the computed steering system

turning angle 0, as a function of time. Thus, the geometric constraints
(2.103)-(2.104) are not used to eliminate the variables 03, 03, from the

deneralized co-ordinates. In this instance, the result is that some of the
entries of the mass matrix M of the basic dynamic model of the mobile

ADS are relatively simple (Chap. 4).
In [60, 61], a vehicle is considered with a simpler front wheel
steering system model. The associated nonlinear geometric constraint



relates 03 to 03 and is similar in form to (2.103). In this case, the
geometric constraint is used to eliminate 03 from the vehicle

gdeneralized co-ordinates. The result is that some of the entries of the
mass matrix M in the corresponding basic dynamic model of the

vehicle, are more complicated ([60, 61]).
By using (2.108), the lower and upper limits for 9, are given by

Ovmin = arctan2(—L., L), O, mqx = arctan2 (L., L,). (2.111)

The following relations are obtained from (2.103)-(2.106),

L. sin(o, —L, sin(d,) + L. 0,
§in(Ss) = %(), cos(5y) = » sin( 24 cos( )’
3 3
| L, sin(6,) L, sin(8,) + L. cos(s,) (2:112)
sin(dy) = ——, cos(dy) = ;
Ay Ay

where

Az = (L, sin(6,))? + (=L, sin(8,) + L, cos(6,))?,

2.113
Ay = V(L. sin(6,))2 + (L, sin(6,) + L. cos(6,))>2. ( :

Since the system motion is assumed to satisfy the constraints (2.105),
(2.106), it follows from (2.113) that the following strict inequalities
hold,

A3 > O, A4 > 0, (2.114)

for all 0, that satisfy (2.105), (2.106). By using (2.103)-(2.108), and

assuming that the mobile ADS is moving forward (Fig. 2.1), the
following holds.

1.
If the steering system turning angle 4;,cx then 63 =0, 63 =0,

implying that the mobile ADS moves in a straight line.
2. If the steering system turning angle 4;,¢cx then 63 > 6, > 64 > 0,

AT~ L . .1 1 n.



1mplying tnat the mobile ADS turns to tne lert.

3.
If the steering system turning angle 4;,cx then 63 > 0, > 04 > 0,

implying that the mobile ADS turns to the right.

2.7.2 Velocity Constraints

By differentiating the geometric constraints (2.103), (2.104), with
respect to time, the following two velocity constraints are obtained

) Loy 0 (2.115)
3= B = s .
A3
) Loy 0 (2.116)
4 = = U .
A

where Bs, Bs, are given by (2.113).

2.8 Rotor of the Turret Electric Motor £M,,
(Body 10)

The rotor of the turret electric motor £M,, is designated as Body 10.
The body reference frame By has an associated co-ordinate system

(XByy» YByy» Zp,,) With unit vectors (Igl)o’ Jg?o’ Kg?o) defined below,

and with origin fixed at the center of mass of the rotor. The relevant
rotation matrix is given by

. gD L
Ry = [Ty i J) i Ky 1. (2.117)
Let vy denote the rotation angle of the rotor relative to the vehicle body

in azimuth and about the Yp,, axis that is always parallel to the Zp,



axis of the vehicle body reference frame. The unit vectors of the body
reference frame B¢ are given by

Igfo =cos(B + yo)I1 + sin(B + yo)I2, (2.118)
Jgfo = —sin(B + yo)I| + cos(B + yo)L>, (2.119)
Ky =I. (2.120)

The angular velocity of the body reference frame By with respect to
the inertial reference frame I is given by
B o
wﬁglg‘l), = (B+70)Kp,,. (2.121)

Let ,I) denote the inertial position of the center of mass of the rotor
1

given by
B
P =1+ Rpoihps Moy = By = s Ponpys Bonpe] 7> (2.122)

where h,,, is the vector from the center of mass of the vehicle body to
the center of mass of the rotor, and hmp is fixed in the body reference

frame of the vehicle body Bs. Let /) denote the inertial velocity of the

center of mass of the rotor given by

d I‘(I)
yO - 6 (2.123)
6 dt

The variable vy is part of the generalized co-ordinates of the mobile

ADS. The mass of the rotor {(7) is given by



It is assumed that the inertia matrix of the rotor, j(ll;m)’ is diagonal and

is given by
JE0 = diag (Jpts Jip2s Jps)s (2.125)
where Jyp1 = Jmp2, Jmp3z > 0.
With reference to Sect. 2.2.1, the turret electric motor EM,,, exerts
a torque Tyol 3 about the center of mass of its rotor. Thus, the resultant
applied torque is given by

B
Tixl,)lo = TyI3, Tix,llg) = T, Kp, (2.126)

2.8.1 Velocity Constraint
The rotor of the turret electric motor EM,, drives a gearbox based

mechanism that rotates the turret relative to the vehicle body in
azimuth. The above-mentioned gearbox based mechanism results in the
following velocity constraint (pp. 286-287, [95])

Yo = kpnpY, (2.127)
where k,, denotes the effective gear ratio, k,,, > 1.Itis further

assumed that the construction of the gearbox based mechanism is such
that the following geometric constraint is obtained from (2.127),

Yo(t) = kypy(t) for all ¢>0. (2.128)

2.9 Rotor of the AA Gun Electric Motor EM;,
(Body 11)



The rotor of the AA gun electric motor EMj;, is designated as Body 11.
The body reference frame By has an associated co-ordinate system

(XB,y» YByy» ZB,,) With unit vectors (I(I) J(I) KD ) defined below,
Bip> ¥ Byo’ BIO

and with origin fixed at the center of mass of the rotor. The relevant
rotation matrix is given by

_ (D (1) . (1)
Rppo1 = Uy, iJp, i Kg . (2.129)
Let {o denote the rotation angle of the rotor relative to the turret in

elevation and about the Xp,, axis that is always parallel to the Xp axis

of the turret reference frame. The unit vectors of the body reference
frame Bj( are given by

zggl = cos(B+ y)I; + sin(B + y)I5, (2.130)

ngl = —sin(B + y) cos({p)I 1 + cos(B + y) cos({p)l>

. (2.131)
+ sin(fo)13,

Ky, =(sin(8 + ) sin(o)1 + (= cos(B +7) sin(¢o)) ]

(2.132)
+ cos({)I5.

The angular velocity of the body reference frame By with respect to

the inertial reference frame I is given by
Wi ') = Lolp, + (B +7)sin(Go) 5, + (B +¥) cos(0)Kp,.  (2.133)

Let (D denote the inertial position of the center of mass of the rotor
l

given by
) = (D + Rporhr + Rporhyg, Ry = h,(i;) = [0, Mgy, Mimg:l",(2.134)



where h,,, is the vector from the center of mass of the turret to the
center of mass of the rotor, and hmg is fixed in the body reference frame

of the turret Bs. Let () denote the inertial velocity of the center of
1

mass of the rotor given by

()
ORI (2.135)
’ dt

The variable () is part of the generalized co-ordinates of the mobile

ADS. The mass of the rotor {(?) is given by

It is assumed that the inertia matrix of the rotor, jﬁn)’ is diagonal and

is given by
FE = diag Ungt, g2 Jnga): (2.137)
where Xp, |, Jing2 = Jmgz > 0.
With reference to Sect. 2.2.1, the AA gun electric motor EM;, exerts

atorque 7, Ig) about the center of mass of its rotor. Thus, the resultant
6

applied torque is given by

n  _ ) (Bi1) _
TA,ll - éoIBH’ TA,H = Ty ls, (2.138)

2.9.1 Velocity Constraint
The rotor of the AA gun electric motor EM;, drives a gearbox based

mechanism that rotates the AA gun relative to the turret in elevation.
The above-mentioned gearbox based mechanism results in the
following velocity constraint (pp. 286-287, [95])



lo = kmgé, (2.139)

where T, denotes the effective gear ratio, k,,; > 1.Itis further

assumed that the construction of the gearbox based mechanism is such
that the following geometric constraint is obtained from (2.139),

o(t) = knel(t) for all r>0. (2.140)

2.10 Definition of Generalized Co-Ordinates ¢

and Generalized Velocities ¢

The vector of generalized co-ordinates ¢ and the vector of generalized

velocities ¢ are given by

dq
q = [x,0.0,a1,a,a4,a3,04,03,0,,a5,,,v0, 00", P = E'(Q'MD

Thus, there are n = 15 generalized co-ordinates.

The geometric inequality constraints (2.105)-(2.106), (2.108),
(2.64), define an admissible region or set, Bs, for the generalized co-

ordinates ¢ of the mobile ADS as follows (Chap. 3)

Py = {g € RP :(2.105)—(2.106), (2.108), (2.64)

are satisfied}. (2.142)

Henceforward, only admissible motions of the mobile ADS that satisfy
q(t) € Py forall ¢ > O are considered. The velocity constraints on the

motion of the mobile ADS are discussed further in Chap. 3.



2.11 Inertial Azimuth and Elevation Angles of

a Vector
Consider an inertial vector b specified as follows

b = [by, by, b]" such that /b2 + b§ > 0. (2.143)

The magnitude or Euclidean norm of the vector b is denoted by ||b||

and is given by

161l = \/bi + by + b2, (2.144)

The inertial azimuth and elevation angles of b are denoted by a, and

ap, respectively, and are defined as follows ((2.107))

a, = arctan2 (by,bx> € (—m, m], (2.145)

e, = arctan? (b Jo2 b§) € (-n/2, 7/2).  (2.146)

Thus, the inertial vector b is expressed in terms of a, and a, as
follows

b, cos(ap) cos(ep)
b = |by| = [bll|sin(ay) cos(ey) |. (2.147)
b, sin(ep)

The term inertial is used in conjunction with a;, a;, in order to
emphasize that a;, a,, are the azimuth and elevation angles of an
inertial vector b.In order to simplify the presentation, a;, a,, are also

referred to as the azimuth and elevation angles of b or as the inertial



angles of b. The angles a,, ay, are related to the spherical co-ordinates

of the vector b ([81, 179]).

2.12 Line-of-Sight Vector from the Mobile ADS

to the AAT
The line-of-sight (LOS) vector from the mobile ADS to the AAT, r;’ ), is

defined as the inertial vector from the hinge point H of the AA gun
(Fig. 2.1) to the center of mass of the AAT and is given by

(1) ()] (1) (1) (1) (I)
Pios = Trarg ~ [losx losy losz] (2.148)
and where it is assumed that
I I
S = A0 )2+ (D 2> 0, (2.149)

and ,.51) is the inertial position of the center of mass of the AAT. Given
arg

the following inertial trajectories of the AAT and of the hinge point H of
the mobile ADS ((2.73)-(2.78))

(1) (f) d2 () (Z)

(]) ( ) targ I targ
targ 2
o Tom & (2.150)
r(l)(t> dIrH (t) d[ Iy (t) >0
H dr ’ a7

Then, by using (2.148), the following LOS vector trajectories are
computed

(D) d 0)) f 0))
v = d’rdt(t) er;g() —d’rc’l’t(t), t>0, (2.151)

(2.152)



1 2, I
a(]) . d2 ()(t) dl targ(t) _dlzrgf)(t)

los — dt2 dt2 dt2 ? -

The inertial angles of the LOS vector are given by ((2.145), (2.146),
(2.148))

s = arctan2 (ry,) 1) ) € (-7, 7l, (2.153)

€y = arctan2 (1) si,5) € (-7/2, 7/2). (2.154)

Given a trajectory ,,51) (1), 12 0, and assume that a suitable scientific
oS

computing system is used to compute the term g4rctan? (rl 51) ) in
osy’  losx

(2.153), and thus the trajectory of the azimuth angle a,,(?), £ > 0 (see

command line help for the Maple function arctan, [16], and the
MATLAB function arctan2,[110, 112]). If at any time t the trajectory

of the actual azimuth angle of the LOS vector increases to a value just
greater than 7y or decreases to a value less than or equal to —x then

Qjs(1), (2.153), jumps to — or to 7y, respectively. The afore-mentioned
wrapping of 8,,,(7), 8;,5(), to the interval k,,, > 1 is not desirable.
Smooth trajectories for the LOS inertial angles a;,(?), 8;,5(f), can be

obtained by numerically integrating the LOS inertial angular rates
Qj05(1), Qjo5(?). The steps of the procedure are as follows.

First, compute the first and second time derivatives of a;,;(#) and
Qjps(1), (2.153), (2.154), (2.149), as follows
(2.155)



#D D@D

dalos __losy" losx losy” losx
EORY: ) \2
at (rlosx) + (rlosy)
i,l(l) r(l) _ r(l) 7"(1)
osy” losx losy" losx
— 5 ,
Slos
- (1) ()
dejys . FloszSlos — rloszslos (2.156)
B 2 ) \2 .
dr Slos + (rlosz)
() (D) () (D) () (1) (1)
dzalos losy' losx losyrlosx 2S OS(rlosy losx losy losx)
pra 3 3 , (2.157)
slos Slos
(/) a0 -
dzelos . FloszSlos — rloszslos
dr2 2 + 00y
los losz (2.158)
. 1 1 1 )
(251058105 + 2rl(o)sz Eo)sz)(rgo)szs los rgo)SZSZOS)
) 22
(Slos + (rlosz) )

Second, compute the initial conditions 4, > a, h;, > a, by using

(2.153)-(2.154).

Third, solve numerically the differential equations describing the
motion of the mobile ADS and AAT, including (2.155), (2.156), for the
inertial angles of the LOS vector a;,,(¢), @;,5(?), by employing, for

example, a fourth order Runge-Kutta algorithm with a fixed time-step.
Thus, a;,5(1), a;5(?), are effectively obtained by using the following

equations

A
alos(t) = alos(0)+f é'los(T)dT, > 07
0

(2.159)

(2.160)



1
Alos(1) = uos(0) + fo Alos(T)dt, 120,
where the integrals are computed numerically and where the right-
hand-sides of (2.155), (2.156), are applied for a,,,(7), a;,5(7),
respectively. Thus, smooth trajectories are obtained for a;,,(¢), a;,5(?),
and for a;,5(%), Qj,5(1), 81,5(), Aps(t). For the mobile ADS application
considered here, the azimuth angle a,,;(f) computed from (2.159) will
not necessarily be limited to the interval kmg > 1, while the elevation
angle a;,5(f) computed from (2.160) will be limited to the interval
(=m/2, m/2) due to (2.149).

Consider the case where the vehicle body and wheels of the mobile
ADS are completely stationary. Then, it follows that the hinge point H is
stationary relative to the inertial reference frame, implying that

I I 1 1 i
V;I) — a;,) = (035, OF d,rfq)/dt — d%rfq)/dtz = ()3, - This leads to

simplifications in the expressions for the LOS vector and its time
derivatives, (2.148), (2.151), (2.152).

2.13 Aiming Vector of the AA Gun
The aiming vector of the AA gun is defined as the unit vector Jg) of the
7

body reference frame Bs of the AA gun ((2.66)), and is expressed in

terms of the generalized co-ordinates n, y, £, as follows

Aiming vector of the AA gun = J (I;, (2.161)

(2.162)



[ — sin(B + y) cos({)

Jg; =| cos(B + y)cos({)

i sin({)

[cos(/2 + B+ y) cos({)

=|sin(w/2 + B+ y)cos({)|.

sin({)

The aiming vector points in the direction from G to M and along the

longitudinal axis of the AA gun (Fig. 2.1). The inertial azimuth and
elevation angles of the AA gun aiming vector Jg) are denoted by a,,
7

and ag,,, respectively, and are related to the generalized co-ordinates
n, v, {,and to the Euler angles ¥, ms, of the AA gun as follows
((2.145)-(2.146))

JT JT
Agun =75 + ¥Y; = 5 +B+7, (2.163)

€an =07 = { € (-7n1/2, n[2). (2.164)
The angles a,,, and a,,, will be referred to as the aiming angles of the

AA gun, or simply as the azimuth and elevation angles of the AA gun.
The angles ay,, and ag,, specify the inertial direction in which the AA

gun is aiming.
Thus, by using (2.162), (2.163), (2.164), the aiming vector of the AA
gun, Jg), (2.161), is expressed in terms of the aiming angles, @4,,, 8gux
7

, as follows

1 c08(Agun) COS(Egun)
J%; = | sin(8gu,) COS(€gun) | - (2.165)
Sin(egun)



Note that the AA gun aiming angles a,,, g, are not computed by

using (2.161), (2.145), (2.146), but are obtained by using (2.163),
(2.164), and the given smooth trajectories of the angles n, vy, .

Alternatively, if the AA gun aiming angles @g,,, @gus, and the angle n

are given then the angles vy, {, are computed by using (2.163), (2.164).

2.14 Inertial Position and Velocity of the AA

Gun Muzzle
The inertial position of the AA gun muzzle is given by (Sect. 2.5)

r. = ré’) + Rpoihr + Rporh,y, + Rp (L J B,), (2.166)

x = sin(B)(Ly + hry) — sin(B + y) cos({) Ly,
= r,(flzlz = |y + cos(B)(Ly + hry) + cos(B +y)cos({)L,,|. (2.167)
hy + hr, + hy,, + sin({)L,,

In addition, by using (2.73), (2.165), "%Lz is expressed in terms of the
inertial position of the hinge point H of the AA gun, ), and the aiming
1

angles of the AA gun, as follows
e = 1y + LaJy), (2.168)
where

) cOS(8gun) COS(€4gun)
Js = |sin(@gu) cos(€gun) |- (2.169)
sin(€ guy)

In (2.167), the inertial position "%z is expressed as a function of the

generalized co-ordinates appearing on the right-hand-side of (2.167).



Thus, the inertial velocity r’(gm is obtained by computing directly the

time derivative of r’(qu as follows

dr))
v = %, (2.170)
!
I
= v =

x — cos(B)(Ly, + hTy)ﬁ' + (= cos(B + y)(ﬁ + %) cos(l) + sin(B + y) sin({).f)Lm
y = sin(B)(Ly + hry)B + (= sin(B + y)(B + ¥) cos({) — cos(B + y) sin(){) Ly, |.(2.171)
co8() Ll

The inertial velocity of the AA gun muzzle can also be obtained by using
the kinematic relations given in Appendix A as follows

1 Vi Bs) Be)
Ve =V§ + Rpor(@ig ) X hr) + Rpo(wyy %) X Ry

(2.172)
+ Rpi(@y ) X (Lnd B,)).

For later use, the inertial velocity of the AA gun muzzle is expressed in
terms of the time derivative of the right-hand-side of (2.168), (2.169),
as follows

drJ g)
v =yl +Lm77, (2.173)
where
()
diJy, ~
dt

- Sin(agun)agun COS(egun) - COS(agun)égun Sin(egun)
COS(8gun)Agun COS(€gun) — SIN(Agyun)€4un SIN(Egyn) |- (2.174)
COS(egun)égun
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3. Kinematic Model of the Mobile Air
Defence System

Constantinos Frangos'
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South Africa

This Chapter presents the kinematic model of the mobile ADS. The
kinematic model is derived by using all the velocity constraints and
describes the generalized velocities in terms of the selected
independent generalized velocities.

3.1 Velocity Constraints of the Mobile ADS

The geometric and velocity constraints are as follows.

1.
Four Geometric Constraints.

a.
Turret motor and gearbox based mechanism: one geometric

constraint (2.128) obtained from the velocity constraint (2.
127).

AA gun motor and gearbox based mechanism: one geometric
constraint (2.140) obtained from the velocity constraint (2.
139).

Front wheel steering system: two geometric constraints (2.
103)-(2.104).


https://doi.org/10.1007/978-3-030-55498-9_3

9. Thirteen Velocity Constraints.
The velocity constraints include the time derivatives of the two
geometric constraints (2.103)-(2.104) and are as follows.

a.
Wheels 1, 2, 3 and 4: eight velocity constraints (2.43)—-(2.50).

b.
Drive system and differential gearbox: one velocity constraint
(2.91).

C.
Turret motor and gearbox based mechanism: one velocity
constraint (2.127).

d.
AA gun motor and gearbox based mechanism: one velocity
constraint (2.139).

e.

Front wheel steering system: two velocity constraints, (2.115)-
(2.116), obtained by differentiating with respect to time the
two geometric constraints (2.103)-(2.104).
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Fig. 3.1 Schematic of the mobile air defence system

The following preliminary steps are applied in order to derive the
kinematic model of the mobile ADS (Fig. 3.1).

1. First, note that the eight velocity constraints (2.43)-(2.50) are not
independent. Up to seven independent velocity constraints can be
obtained from (2.43)-(2.50).

Second, substitute the geometric constraints (2.103)-(2.104)
into the velocity constraints (2.43)-(2.50).

In particular, substitute the relations (2.112) in the expanded
form of the eight velocity constraints (2.43)-(2.50) (that is, the
trigonometric terms in (2.47)—(2.50) containing 03 and J3 are

expanded).



The resulting eight velocity constraints, denoted by (2.43)-(2.
50)=(2.112) in order to save space, are not independent. Up to six
independent velocity constraints can be obtained from (2.43)-(2.
50)=(2.112).

The velocity constraints (2.91), (2.127), (2.139), are independent
with respect to the velocity constraints (2.43)-(2.50) =(2.112).

The velocity constraints (2.115)-(2.116) are independent with
respect to the velocity constraints (2.43)-(2.50) =(2.112).

It follows that the kinematic model of the mobile ADS is based on a
total of thirteen velocity constraints, (2.43)-(2.50) =(2.112), (2.
91),(2.127),(2.139),(2.115)-(2.116), that are not independent.

In particular, up to eleven independent velocity constraints can
be obtained from the above-mentioned thirteen velocity
constraints.

Thus, the thirteen velocity constraints (2.43)-(2.50) =(2.112), (2.
91),(2.127),(2.139), (2.115)-(2.116), are represented as follows

Gp = 0;54, (3.1)

where G = G(g) € R'**!3 is the velocity constraints matrix (G is not

given here in order to save space), and

n = 15 generalized co-ordinates,

| | 3.2
m = 13 velocity constraints, (5:2)

N = 11rigid bodies (3.3)

((2.141), (A.5), and (A.123)). Henceforward, the explicit functional
dependence on ¢, g and dp/dt, is suppressed in order to simplify the

presentation. In addition, it is assumed throughout that L, > 0, (2.

142).

The rank of the velocity constraints matrix G is eleven,!



Rank(G) = 11. (3.4)

It follows that at least one set of eleven independent velocity

constraints can be found from the thirteen velocity constraints, (3.1).
Furthermore, by using the assumptions and derivations in

Appendix A, the matrix ms, (A.106),is 3N X n = 33 X 15, the matrix

U,, (A.113),is 3N X n = 33 X 15, thus leading to a matrix U, (A.119),
thatis 3N Xn =33 X 15, U = U(q) € R%*!5. The selected generalized

co-ordinates ¢, (2.141), are such that the matrix U has full column
rank ((A.120)),
Rank(U) = n = 15. (3.5)

In this work all thirteen velocity constraints (3.1) are used in the
derivation of the kinematic and dynamic models of the mobile ADS
(Appendices A and B). However, for completeness, two different
methods are presented below for converting the thirteen velocity
constraints (3.1) to a set of eleven independent velocity constraints in
the following form

Gip = 01151, (3.6)
where Gr=Gsq) € R!1x15 and Rank (Gy) = 11.

The first method employs a reduction procedure as follows. Apply
elementary row operations ([126]) in order to transform the original
velocity constraints (3.1) to an equivalent system of velocity constraints
given by

G.p =034, (3.7)
where the matrix G, = G,(q) € R13x15 is in reduced row echelon form,

(3.8)



A
Gr:[()f], Af:[AflfAfzfAf3],
2x15

and where A, = A e RIXI5 Rank (Af) =11, A, e R,
r=Azq) f 1

Ap=Ap(g eR", A = Ap(g) eR'™,

19]

A = 3.9
/! lOZ><9 ( )

1y denotes the 9 by 9 unit matrix,

A =(0,0,0,0,0,0,0,~L2/4%, ~L2/A%,0,0| . (3.10)

—ak, sin(B)/2
ak, cos(B)/2

akg sin(oy)

(2L cos(6y))
k(Lo sin(0y) — L cos(dy))

(2L¢ cos(6y))
—kg(Lo sin(dy) + L cos(dy))

(2L cos(8y))
Apy = |~k A,/ (2L, c0s(5)))

—kqA3/(2L c0s(6,))
0

) (3.11)

O O O OO O O O OO

mp

SO R O O O O O O O O O
—_ 0 O O O O O O O O O
I
[E—
OEOOOOOOOOO

0
0
0

[
=
3

>

subject to
cos(d,) #0, L.#0. (3.12)
Given that the system motion satisfies L, > 0, (2.142), it follows that

(2.105)-(2.106), and (2.108), are satisfied thus implying that
cos(0,) # 0, while L. > 0. Thus, conditions (3.12) are met.



From (3.8), it can be seen that the last two rows of the matrix G,

are zero-rows, indicating that there are two redundant velocity
constraints out of the thirteen velocity constraints, (3.1). Thus, a set of
eleven independent velocity constraints is obtained directly from (3.7),
(3.8), and represented as follows

Afp: Ollxl- (3.13)

The second method employs deletion of the dependent or redundant
velocity constraints as follows. Given that up to six independent
velocity constraints can be obtained from the eight velocity constraints
(2.43)-(2.50) =(2.112). One possible combination of six independent
velocity constraints is ((2.43)-(2.45), (2.47)-(2.49)) =(2.112). These
six velocity constraints, together with the five independent velocity
constraints (2.91), (2.127), (2.139), (2.115)-(2.116), lead to eleven
independent velocity constraints represented as follows

Aeap = 01141, (3.14)

Ared = Ared(q) € R”XIS’ Rank (Ared) =11

3.2 Kinematic Model of the Mobile ADS

Hereafter, the kinematic model of the mobile ADS is derived by using all
the velocity constraints (3.1). Firstly, note that the relation between the
dimension of the null space of G, Q4 € R",and Rank(G) is given by

(Theorem 31, p. 281, [126]),
Rank(G) + Dim( Null(G)) = number of columns of G

—n = 15, (3.15)
Given that Rank(G) = 11, (3.4), and using (3.15), it follows that
Dim(Null(G)) = n, =n — Rank(G)
(3.16)

=15-11 = 4.



Let p, denote the vector of independent generalized velocities,
ps €R™, hg > a,(3.16) (Appendix A). In this case, the elements of p;

are set equal to the following generalized velocities,

ds, day dy dil’
s — sl» s2s 539 Ky T = T s T 1 s T 1 ) -17
)/ [Ps1> D52y Ps3> Psal [dt TRl dt] (3.17)
= ps=Csp or Cyp = p, (3.18)

where C, e R*1>, and ((A.132))

Cs = |O4x0 i L4040,
G (3.19)
Rank([c ]) — 1y + Rank(G) = 4 + 11 = 15.
The associated vector of independent generalized co-ordinates p; is

obtained from (3.17) as follows

dq;
Ds = dr’ qs :[QSI, qs2, 453, QS4]T
=[6,, a5 ¥, L] (3.20)
=Cyq.

The generalized co-ordinates ¢,, «, are actuated by the applied
torques T, , T,,, respectively. In addition, the generalized co-ordinates
v, {, are linearly related via the respective gearbox based mechanism
ratios to the generalized co-ordinates 7y, {p, that are actuated by the
applied torques T, T;,, respectively.

Equations (3.1) and (3.18), are solved jointly for ¢ in terms of p;,

and the solution is expressed as follows ([65] and Sect. B.3.1),



p = Sps’ (321)

where § = §(g) € R'>** is the null space matrix given by

0 akgsin(B)/2 0 0]
0 — aky cos(B)/2 0O O
0 —akysin(d,)/(2L.cos(d,)) 0 O
—ky(Ly sin(dy) — L¢ cos(dy))
8 k(Lo s(i%%gvc)of(gﬁ )c)os(dv)) 3 8
(2L¢ cos(6y))
0 kyA4/(2L.cos(d,)) 0O O
0 k4A3 /(2L cos(d,)) 0O O
S = |L2/A2 0 0 0| (3.22)
L7/A3 0 0 0
1 0 0O O
0 1 0O O
0 0 1 O
0 0 0 1
0 0 kpp O
0 0 0 kg
subject to
cos(0,) #0, A3 #0, Ay #0, L. #0. (3.23)

Given that the system motion satisfies L, > 0, (2.142), it follows that

(2.105)-(2.106), and (2.108), are satisfied thus implying that
cos(0,) # 0,and —Ts I3, =T I3, (2.114), while L. > 0. Thus,

conditions (3.23) are met.
By using (3.16) it follows that the matrix S has full column rank,

Rank(S) = n, = 4. (3.24)



In addition, by substituting the expression for ¢, (3.21)-(3.22),in (3.1),
(3.7), (3.13), and (3.14), and simplifying, the following is obtained

GS = 01354, G- = 01354, ArS = 01154,

3.25
AreaS = 011xa4. (3.25)

It follows from (3.25) that the expression for ¢, (3.21), (3.22), solves

the homogeneous equation representing the original velocity
constraints that are not independent, (3.1), as well as homogeneous
equations representing the sets of converted velocity constraints that
are independent, (3.13), (3.14) ([65]).

Chapter 4 deals with the dynamic model of the mobile ADS, and
partitions the vector of generalized co-ordinates ¢, (2.141), into the

vector of independent generalized co-ordinates pjy, (3.20), and the

following vectors of dependent generalized co-ordinates,

qgai =[x, v,B, a1, a2, a4, 3],

dqa; (3.26)

qd2 :[647 53’ ')’O, {O]Ta and pd] - 7

Each generalized co-ordinate in ¢4, can be computed directly in terms
of the independent generalized co-ordinates in p;, by using the

geometric constraints (2.104), (2.103), (2.128), (2.140). In addition,
note that the matrix § = S(8, ¢,), (3.22).

Thus, the kinematic model of the mobile ADS dealt with here is
given by (3.21)-(3.22). The mathematical form of the null space matrix
S, (3.22), is generally different for each particular choice of the vector

of independent generalized velocities py, (3.17). This implies that the

form of the kinematic model is not unique ([82]).
For later use, the following relation is obtained by computing the
time derivative of both sides of (3.21) as follows
(3.27)



dp _ 35, odn.
dt dt dt

In this work, the scientific computing systems Maple ([16, 186]) and
MATLAB/MATLAB Symbolic Toolbox ([110, 112]) are used to do the
symbolic computations and manipulations (as well as other systems
such as Mathematica, [183], Maxima, [114, 138], Octave/Octave
Symbolic Package, [133]; see also [123]). The MATLAB Symbolic
Toolbox 2007b ([112]) uses Maple internally to do the symbolic
computations. The above-mentioned systems have the required
functions to compute the rank of the symbolic matrix G, (3.1), (3.4);

the rank of the symbolic matrix U, (3.5); the rank of the symbolic
matrix A, (3.13); the rank of the symbolic matrix A,.4, (3.14); the null
space of G, (3.1), (3.18), that is, effectively the matrix S, (3.21), (3.22);
and the reduced row echelon form of G, that is, the matrix G,, (3.7),

(3.8) (Maple also obtains some provisos or conditions for the above
computations, [33,91]).

3.3 Decoupled Kinematic Models of the
Vehicle System and of the Turret and AA Gun

System
The matrix S in the kinematic model of the mobile ADS, (3.21)-(3.22),

is expressed in terms of matrices S| and S; as follows

S 011x2]
S = : 3.28
[04><2 ) (3:28)

S1 = Sta112, 82 = S12:534, (3.29)



where §, = §,(3,6,) € R!>2, §, € R*? is a constant matrix, and

where MATLAB/Octave style syntax is used in (3.29) to represent the
selection of rows and columns of the matrix S in defining the matrices

S, and S| ([43, 110]).

Thus, by using (3.28), the kinematic model of the mobile ADS,
(3.21), is represented as two decoupled kinematic models. In order to
simplify the presentation, the first kinematic model is referred to as the
kinematic model of the vehicle system consisting of the vehicle body, the
wheels and the steering and drive systems. The second kinematic
model is referred to as the kinematic model of the turret and AA gun
system consisting of the turret, the AA gun, and the drive systems for
the turret and AA gun. The above-mentioned kinematic models are
represented as follows

N [”1] - s!"“], (3.30)

D> DPs2

)41 S Ollxﬂ

= = s1 + 525 3.31
[Pz] [04><2 Ps s, |72 (3.31)

D1 S1Ps1
= = , 3.32
lpJ [S2ps2] ( )

= Kinematic Model of the Vehicle System:

p1 =S108,0,)Ps15 (3.33)
dp dpy,  dS(B,9,) (3.34)
— =S 6\/ sls
dt 106, 0v) dt " dt Psi

where



_dq, (3.35)
pl - dl' ’

T
ql :[-xa ya,Ba ap, @, 4, A3, 64, 63’ 6\/, a/s] ’

p — dqsl
sl dt

= [51)7 ds]Ta qgs1 = [51), a’s]Ta (3.36)

= Kinematic Model of the Turret and AA Gun System:

P2 = S2ps, (3.37)
@ _g dps N @ (3.38)
e " ar ar P>
where
d . .
P2 = % = [, 470,801 g2 = [y, 40 v0,40) s (3.39)
dq. o (3.40)
Po=22 = 4, 8", g0 = [y, O

dt
The vectors ¢, ¢, (2.141), and py, ps, (3.20), are partitioned in terms

of the relevant vector quantities given in (3.30)—(3.40) as follows

q1 D1 qs1 Ds1
= 9 = 9 S = 9 S = . 3-41
1 l%] P [Pz] 1 [%2] P [sz ( )

The initial conditions ¢(0) = ¢, € RIS and ps(0) = py € R4 are

partitioned according to (3.41) as follows
(3.42)



_ {410 _ | Ps1,0
10 [‘12,0]’ Pso [Psz,ol'

Footnotes

1 At the end of Sect. 3.2, a brief summary is given of the symbolic computing software used to
obtain some of the results in this work.
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4. Dynamic Model and Nonlinear
Control of the Mobile Air Defence
System

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter deals with the dynamic model and nonlinear control of
the mobile ADS as follows.

1.
Application of the Lagrange equations (Appendix B) in order to

derive the basic dynamic model of the mobile ADS.

Application of the kinematic model in order to derive the reduced
dynamic model of the mobile ADS.

The reduced dynamic model is employed in order to derive a
nonlinear feedback control law for the ADS using inverse dynamics
transformations.

Analysis of the zero dynamics of the controlled dynamic model of
the mobile ADS.

Methodology for the computation of the constrained motion of the
controlled dynamic model of the mobile ADS satisfying all the
holonomic and nonholonomic velocity constraints.

6. Methodology for the computation of the vector of generalized


https://doi.org/10.1007/978-3-030-55498-9_4

constraint forces and the vector of Lagrange multipliers.

4.1 Basic Dynamic Model of the Mobile ADS

The Lagrange equations are extended in Appendix B for the case of
constrained rigid multibody systems subject to velocity constraints that
may not be independent. The Lagrange equations employ the total
kinetic energy &,,, and total potential energy V;,, of the multibody

system. For the case of the mobile ADS, &,,; and V,,, are given by

11 11
Sior = Zgi, Vit = Z(Vi, (4.1)
i=1 =1

where &;, V;, arg(x; + j.y1), are obtained from (B.22), (B.20). Note
that it is assumed throughout that L, > 0, (2.142).
By employing the expressions for &, Vo, and applying the

Lagrange equations, (B.53)-(B.54), (B.57), the following basic dynamic
model of the mobile ADS is obtained,

d*q
M— + H = + O, 4.2
e 04+ 0c (4.2)

where M = M(q) € R!>*!5 is the mass matrix, M = M, det(M) > 0,
H = H(q,p) € R", 04 € RD is the vector of generalized applied
forces, and Oc € RIS is the vector of generalized constraint forces

(Appendix B).
The vector of generalized applied forces Q4 = [Qa1, ..., Qa15]" is

given by

Oaj =0, 7=12,..,9, Qa0 = Ts,, Qa1 = T,

: (4.3)
QAj = 07 ]: 127 137 QA14 = T‘)/o’ QAIS — T§07



where Qa10, Qa10, Qat0, Qalo, are generalized applied forces having
units of torque (Nm) and are equal to the applied torques 75, , Ty, T,
Ts,, respectively ((2.141)).
The vector of generalized constraint forces Qc = [Qc1, ..., Ocis]’
is given by ((B.57))
Qc = G'A, (4.4)

where ) ¢ R13 is the vector of Langrange multipliers, and G is the

velocity constraints matrix, (3.1). The term generalized applied force or
deneralized constraint force is used to refer to quantities having units
of force or torque.
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Fig. 4.1 Schematic of the mobile air defence system

The vector of generalized gravitational forces Q4

Qgravis] ", (B.35), is given by

012x1
Qrav = |—MmggL, cos({)
02><1

Y

= [Qgravla ooy

(4.5)

The element Qgqv13 = —mMggL, c0s({) in (4.5) represents a torque

acting about the hinge point H of the AA gun due to the gravitational



force acting at the center of mass of the AA gun (point G in Fig. 4.1). The
vector —Q,4, is part of the vector H, (4.2).

The nonzero elements of M = [M;;], i, j=1,...,15, are given

below (lengthy expressions are not given in order to save space and are
indicated by three stars * * *)

M = mg + my, +4m,, + my, + mg + my, + mr + m,, (4.6)
M3 = Mz; = *x%x, (4.7)
My = Mia1 =—cos(B + y)(mg cos({)Lg + Myghigy), (4.8)
M1z = M3 = mgsin(B + y) sin({)L,, (4.9)
M1 = mg+ my, + 4m,, + my, + mg + my, + mr + m,, (4.10)
M3 = M3 = »*x**, (4.11)
My 1o = Mizp = —sin(B + y)(mg cos() Ly + Mypghygy), (4.12)
M3 = Mizp = —mgcos(B+y)sin({) Ly, (4.13)
M3z = %%, (4.14)
Msg = Mg3z = 1,1, Mizg9 = Moz = I, (4.15)
Ms10 = Mz = Ji3, (4.16)

Mz, = Mps =

(4.17)



Mg cosz({ )Lf; + cosz({ W g3 + mghry L cos(y) cos({)+
mgLy L, cos(y) cos() + mmgh,%qu + Jmg2 + I3+
Mgy himgy COS(Y) + Mg Lphyygy cOS(Y)+

Jg2 - Jg2 COS2(§),

M3 13 = Mj33 =mg sin({)Ly(cos(B + y) sin(B)—
sin(B + y) cos(B))(Ly + hry) (4.18)
= — mg Sin({) L, sin(y)(Ly + hry),

M3 14 = Mz = Jps, (4.19)
M4,4 = Iwr37 MS,S = Iwr3, (4.20)

M6,6 = Iwr3’ M7,7 = Iwr3, .
M8,8 = Iwrl, M9,9 = Iwrla (421)

M0 = Jiz, Mun = Jg, '

M12,12 :mgL§ COSZ(g) + mmgh,igy + ng - ng COSZ(§)+
2 (4.22)
Jg?) COs ({) + JT3 + ng2a

Mz 13 = mgL§+ng, (4.23)
Misis = Jmps, Misis = Jigl- (4.24)

The nonzero elements of H = [Hy, ..., Hs]" are given below (lengthy

expressions are not given in order to save space and are indicated by
three stars * * *)

Hy = s%%, Hy = %%, H; = x%%, (4.25)

(4.26)



Hyp, = =%, Hiz = %%,
With reference to the vector of Lagrange multipliers A = [y, ..., 113]",

each Lagrange multiplier N, arg(x; + j.y1), is associated with the

corresponding velocity constraint in (3.1) as follows.

1.
N, i=1,2,...,8, are associated with the eight velocity constraints,

(2.43)-(2.50) = (2.112), respectively.

a, is associated with (2.91).

Ayo is associated with (2.127).
Ayo is associated with (2.139).
Ayo is associated with (2.115).

Ajo is associated with (2.116).

In [63, 64], by using the d’Alembert principle ([81]), the Newton-
Euler equations are extended for the case of constrained rigid
multibody systems subject to velocity constraints that may not be
independent. The Newton-Euler equations are applied to the mobile
ADS and the following basic dynamic model is obtained

d*q
dr?
and where it is verified that Myg = M ((4.6)-(4.24)),

Hyg = H + Qgq ((4.25)-(4.26), (4.5)). Thus, the basic dynamic

MNE + HNE = Qgrav + QA + GT/L (4.27)

model of the mobile ADS, (4.2), (4.4), obtained by using the Lagrange
equations (Appendix B) is identical to the basic dynamic model, (4.27),
obtained by applying the Newton-Euler equations ([63, 64]).



By using (4.2)-(4.3), (4.4), the basic dynamic model of the mobile
ADS is expressed as follows

d
Md—I: +H = DT, + G"A, (4.28)

where
(095> 095 |
I, 0y

0252 0250
022 15 |

’ Td = [T5V, Ta/sa TVO’ Té’o]T’ (429)

and T, is the vector of applied torques also referred to as the vector of
control inputs. There are four control inputs, m. = 4, (B.11), that are

used to control the motion of the mobile ADS.
By using (4.28)-(4.29), (4.4), the detailed equations describing the
basic dynamic model of the mobile ADS are given by

M1,1% +M1,3% +M1,12% +M1,13%+H1 = Qc1, (4.30)
Mz,zfl—z +M2,3%+M2,12% +M2,13%+H2 = Qc, (431)
Mrow3%+H3 = Ocs, (4.32)

M4,4% = Qcs, (4.33)

M4,4% = Qcs, (4.34)

(4.35)



a1
I 0 (4.36)
44—n = Qo :
N d*s
Mgg——— + Mg3— = 4.37
88772 8372 Qcs, (4.37)
d*s, a’*s
Mgg——— + Mg3—— = , 4.38
88712 83772 Ocs (4.38)
d*s, a*s
M + Mioz3— = Ts, + 4.39
10,1073 10373 s, + Qcio, (4.39)
d’a,
M1 7 - To, + Qci1, (4.40)
t
d>y d’x d’
My n—>+Mi 1~ + M12,2—§
dt dt dt
o (4.41)
+Mp3— + Hip = ,
12375 12 = Ocn2
d’ d’x d’
M13,13_§+M13,1_2 + M13,2—§
dt dt dt
o (4.42)
+M13’3W+H13 = Qcis,
d*yo d’p
M14,14W+M14,3W = T,, + Qcias, (4.43)
d*{o
Miss— = Ty + Qciss (4.44)



where M,,,3 denotes a row vector containing the elements of row
three of the mass matrix M. The generalized constraint force Qc; is

equal to the sum of several terms as follows ((4.4))

13
Ocj = G jli + Gy + -+ Gz jdiz = Z Gijdi,
~ (4.45)

j=12,..,15,
(Gy) =11, arg(x; + joy1), j=1,2,...,15,(3.1). By using (4.4), (3.1),
the generalized constraint forces are given by

Oci = A1+ A3+ A5 + A7, (4.46)
Oci = A1+ A3+ A5 + A7, (4.47)

Qcs =Ly sin(B)A; — Ly cos(B)Ar — Ly sin(B)A3 + L, cos(B)A4
+ (=L cos(B) + L, sin(B))As
+ (=L sin(B) — Ly cos(B))Ae (4.48)
+ (=L, cos(B) — L, sin(3))A7
+ (=L sin(B) + L, cos(B))Asg,

V7 = B+y), 07 =¢ PD7=0. (4.49)
V7 = B+y), 07 =¢ P7=0. (4.50)
Oce = —asin(f + d4)A7 + acos(B + d4)As, (4.51)
Oce = —asin(f + d4)A7 + acos(B + d4)As, (4.52)

Qcs = iz, (4.53)



Qcs = Ais, (4.54)

Ocio = —(LZ/ADA1n — (LZ/AD A3, (4.55)
Ocii = —kao, (4.56)

Oci2 = —kmpdio, (4.57)

Oc1z = —kpgdir, (4.58)

Ocia = Ao, (4.59)

Ocia = Ao, (4.60)

4.2 Reduced Dynamic Model of the Mobile ADS

The reduced dynamic model of the mobile ADS is derived as follows.
The independent generalized co-ordinates and velocities p; and p; are

given by
qS = [6\/7 C¥S7’y7 {]Ta pS = [5117 dhj/, g]T- (4.61)
Thus, for the mobile ADS it holds that n, = m,. =4 ((B.11)).

Differentiate with respect to time both sides of (3.21), yielding

dp dp, dS
— =85 —D. )
dt dt * dtp (4.62)

Then, insert the expression for dp/dt, (4.62), in (4.28) and multiply

both sides of the resulting equation from the left by ST to obtain the

following
(4.63)



dp ds
—+M—p,+H) = S'DT TG A.
dt+ dtp+ ) S 4 +S G A

From (3.25) it follows that
STG" = (GS)" = 043

ST(MS

Thus, Eq. 4.63 simplifies to the reduced dynamic model of the mobile
ADS in terms of dp;/dt,

dp,
M q - DT, (4.64)
dt
where
T 295 T
M, = S™MS, H,=SM—p,+SH. (4.65)
10 0 0]
01 0 0
_ T _
DS_SD—OOkmpO, (4.66)
00 0 K

M, =M,q) e R¥, H, = Hq, p) € R*, D, ¢ R¥*.Using (4.65), (4.
66), and the mathematical forms of M, H, p,, S, and dS/dt, the

matrices 7,,, H; and —r, are computed analytically and/or

numerically.
Given that the mass matrix M is symmetric and positive definite.

Furthermore, given that the matrix S has full column rank, that is,

Rank (S) = 4, (3.24). Then, it follows that the matrix M, = ST MS is

also symmetric and positive definite, that is,

M, = M!, det(M,)>0 (4.67)



(Theorem 14.2.9, p. 213, [80], and Theorem 4.2.1, p. 140, [71]). One of
the main advantages of the reduced dynamic model (4.64)-(4.66), is
that the vector of Lagrange multipliers A does not appear there.

Thus, the reduced dynamic model of the mobile ADS considered
here is given by Egs. (4.64)-(4.66). As mentioned previously, the null
space matrix S generally depends on the selected vector of

independent generalized velocities py, (3.17). This implies that the

reduced dynamic model of the mobile ADS is not unique in form ([82]).

4.3 Nonlinear Feedback Control of the
Reduced Dynamic Model of the Mobile ADS

A methodology is presented for deriving a nonlinear feedback control
law for the vector of applied torques T; appearing in the reduced

dynamic model of the mobile ADS, (4.64),
Ty(X) = [T5,(X), To(X), Tyy(X), T(X)], (4.68)

where the array X of feedback variables is defined later. The control

objective is that the following four variables should asymptotically
track specified reference trajectories.

1.
The steering system azimuth angle relative to the vehicle body,

oy(1), t >0,

The drive system rotational velocity relative to the vehicle body,
a(t), t > 0.

The turret azimuth angle relative to the vehicle body, y(?), > 0.

The AA gun elevation angle relative to the turret, {(¢), t > 0.



In particular, let 5;(¢), £ > 0, 1; .(f), be vectors that group the four

variables of the mobile ADS and their time derivatives as follows

e dou) dP6(1) dayt) dPa®]

nl(t) - ¥5v(t), dl' ) dt2 ) dl' D) dt2 | ) (469)
| dy(n &Py de(t) 2]’

’72(t) - :)/(t)a dl' ’ dt2 ’ g(t)9 dl' ’ dt2 | (470)

Let 17, ,.7(t), t > 0, denote the vector reference trajectory for 7;(7),

[ 2 0, ni,ref(t):

dév,ref(t) dzév,ref(t)

’ll,ref(t) = lév,ref(t)a

dt dr? 271
da’s,ref(t) dzas,ref(t) ! ( ' )
dt ~  drf? ’
dYref(t) szref(t)
N2.ref (1) :[?’ref(’)’ g g e,

4,72
dL,ef(t) o] (472)

dt ~  dr? '

Thus, the nonlinear feedback control law should ensure that 7,(?),
t > 0, asymptotically tracks the reference trajectory 1; ,.7(t), t > 0,
Nirer(1), as follows,

M (71(1) = 71 ey (1) =01,

. 4.73
Hm72(1) ~ 201 (0)) =0 @7

First, define the following inverse dynamics transformation for the
reduced dynamic model of the mobile ADS, (4.64) ([35, 99, 124, 153,



167])
T, = D;'(Mau + H,), (4.74)

where y ¢ R*. By inserting (4.74) in (4.64), the following equation is

obtained,
[ d%5,,/dt?] 14 ]
d*a/dt? _ oy = U
dzj//dl‘z - - Us . (4.75)
| d*¢/di* | 144

Second, the functions ps, ps, ps and p; are specified as follows

d25v,ref d5v d5v,ref
u = dt2 —C1,1 ( dt - dt ) —C12 (51/ - 5v,ref) ’ (476)

dzas,ref das da’s,ref 477
U = —C - N .
> an > Car dt (4.77)
dzyref d)’ d’}/ref
us = a2 C3,1 (Z T ) — (32 (7 - )/ref) ) (4.78)
dzgref dév d{ref
Uy = a7 — C4,1 (E - dr ) —C42 (é‘/ - éuref) ; (4.79)

where the constants ¢; ;, i = 1,3,4, j=1,2,and Zp,, are chosen such

that the following polynomials in s are Hurwitz ([35, 99, 124, 153,
167])

fils) = 5%+ cris+cia,  fas) = s+, (4.80)

fi(s) = s+ cais+csn fi(s) = 57+ a1 S+ can (4.81)



Then, it follows from (4.75)-(4.79) that ([35, 99, 124, 153, 167])

(diz;(t) ) diazr;f(t)) 50 as fooo, i=1.02 (4.83)
(d’gf(if) B di{;@;;(t)) —0 as t— oo, i=0,1,2. (4.85)

Third, the required applied torques T, T,,, T,,, Ts,, are computed
from (4.74). Thus, the nonlinear feedback control law for the vector of

applied torques, (4.68), employs the array of feedback variables X,

de, des  dey d°0ref
X = q,p.€1, ——,€:,¢€3, 5 €4,

dt dt dt’ df? ’
dzals,ref dzyref dzgref
drr ’ drr’ derr )’

(4.86)

where ¢; = 0, — 5v,ref; e = dag/dt - da’s,ref/dt; €3 = Y = VYrefs
es = { — {rer. The derived nonlinear feedback control law is valid for

all motions of the mobile ADS that satisfy L, > 0, (2.142).

4.3.1 Analysis of the Zero Dynamics

The analysis of the zero dynamics involves the kinematic and reduced
dynamic models of the mobile ADS as used in the derivation of the
nonlinear feedback control law ((4.74) and Sect. 4.3), and follows the
methodology described on pp. 280-289, [109].



The relevant equations are obtained from Chap. 3, and Sects. 4.2 and
4.3, and are repeated here for convenience as follows

ds, da, dy d¢]' .
s = ) s s | s {s = 6\/7 ss ) ) .
p ldt dr ~ dt dt] 1 [0y, @5, 75 ¢] (4.87)
dq,
dp;
M; P +H; = DTy, (4.89)
dt
p = Sps, (4.90)
d
d—‘f = p. (4.91)
d dp, dS
P _ S P + —Ps. (4.92)

dt dt dt
The input of the reduced dynamic model of the mobile ADS is T, (4.

89), while the output is denoted by 03 and is given by (Sect. 4.3)

Yo = [0y, day/dt, y, {]". (4.93)

Thus, the zero dynamics will be determined with respect to the input
T ; and the output 03. The specific methodology described on pp. 285-

286, [109] is applied in the following steps.
First, given that the output 03 is set equal to 034, (4.93). Then the

following relations are obtained from (4.87), (4.90), (4.92), (4.93),
Ye = 04)(1 = 5v:5v:5v:0’ a’s:d/s:O,

y=y=y=00=¢=¢=0, (499



=ps = 0451, PS = 041, (4.95)

Hiyy = sx%, Hpz = %%, (4.96)

Second, the input 7, is computed from (4.89) as follows

DT, = H, - T, = D;IHs- (4.97)
The form of T, in (4.97) is identical to the nonlinear feedback control

law (4.74) with u = 04y . By substituting p = 015, (4.96), in (4.25)-
(4.26), the expression for H simplifies to the following ((4.5))
H = -0Q,.. (4.98)
In addition, by substituting p; = 04«1, (4.95),and H = —Q,,,, in (4.65)
it follows that
H,=S"H

== 8" Qgrav

=[0,0,0, mygL,cos({)]" (£ =0)

=[0,0,0, megL,]".

(4.99)

Thus, the input 74, (4.97), is given by

T,=D,'H,
=[0,0,0, mggL, cos({)/kmgl’ (£ =0) (4.100)
=[0, 0,0, mgng/kmg]T-

The vector of applied torques T4, (4.100), perfectly counteracts the
generalized gravitational force Qgqy, (4.5), thatis, DT, = H; in (4.

89), thus ensuring that the AA gun remains completely stationary. By
using (4.96) and (4.91) it follows that
(4.101)



g = 0541, p = 01541, p = 015 for all 7> 0.

From (4.94), (4.101), it follows that

O0,(t) = 0, v(t) = 0, {(t) = 0, ast) = a40) for all 7> 0.(4.102)
Let the vector ¢, consist of the first nine and the last two generalized
co-ordinates in ¢, (2.141), p; consists of the remaining four
generalized co-ordinates 0,, ay, v, {,(4.87),and let p, = dq,/dt.

Third, it follows from the above and (4.101) that the zero dynamics
are given by

q. = Oixi, p- = 0110, b, = 011 for all £ 0. (4.103)

Thus, the zero dynamics are neutrally stable since the mobile ADS
remains stationary and retains its initial position and orientation for all
time, that is,

q:(t) = q.(0) for all 7>0. (4.104)

More general methods for the investigation of the zero dynamics are
given in Chaps. 3 and 4, [154], Chap. 6, [88, 99].

4.4 Constrained Motion of the Controlled
Dynamic Model of the Mobile ADS

The constrained motion of the controlled dynamic model of the mobile
ADS that satisfies the geometric constraints (2.103)-(2.104), (2.128),
(2.140), and the velocity constraints (3.1), is computed over a finite
time horizon 7,

Tr = lto, trinl,  to < trin, (4.105)

by applying the reduced dynamic model (4.64)—-(4.66) as follows.
1. Given the initial conditions for ¢, ¢g(t)) = q¢ € Py, (2.142),



satisfying the geometric constraints (2.103)-(2.104), (2.128), (2.
140), and given the initial conditions for ps, ps(fp) = pso, it

follows that

p(to) = po = S(qo)pso, (4.106)

where «; satisfies the velocity constraints (3.1).

Given the vectors of reference trajectories 1 ,.¢(f), t € TF, i = 1,2,

(4.71), (4.72).
. Solve the following Eqgs. ((4.74)-(4.79), (4.64)-(4.66), (3.17)-(3.
21), (3.26)) jointly for ps, a2, qa2, Ps, q, dps/dt,forall t € TF,in

cases where the solution exists and is unique,

Oy = qs1> ¥ = qs3, £ = qsas (4.107)

B = qa13) (4.108)

03 = arctan2 (L.sin(9,), —L, sin(0,) + L. cos(9d,)), (4.109)
04 = arctan2 (L.sin(d,), L,sin(d,) + L.cos(d,)), (4.110)
Y0 = kmpY, {0 = kgl (4.111)

p = Sps (4.112)

% = Pai, (4.113)

d26v,ref d5v dév,ref
up = — (1,1 -

- 6v_5vre ’ .
ar aidi ) @12 (00 0ur). - (4119)

(4.115)



uy =

dza_g,ref (das das,ref)
—C21 ’

dr? dt dt
dzyref d)/ d)’ref
Uy =— 7 ~ 6l (E 7 ) — (32 (7 - %ef), (4.116)
dzgref dé’/ dgref
Uy = e C4,1 (E T ) — C42 (5 - §ref) , (4.117)

u = [uy, uy, us, ug]’, (4.118)
T, = D;' (Mg + Hy), (4.119)
dq
T Ps> (4.120)
dp, B
01; - M.'(D,T, - H,), (4.121)
T ) T
M,=S"MS, H, = STMZp, +S"H,
dt (4.122)
D =S D.

"In addition, using dp,/dt, ps, q, q,and (4.62), compute the vector

of the generalized accelerations dp/dt as follows

dp dp, dS

— =39S + —Ps. 4.123
dt ar - ar? ( :
. In summary, the constrained motion of the controlled dynamic
model of the mobile ADS consists of the following computed
trajectories




(4.124)

(q(0), p(t), dp(r)/dr), t€TF,

and satisfies the geometric constraints (2.103)-(2.104), (2.128), (2.
140), and the velocity constraints (3.1).

Equations (4.107)-(4.122) are based on the kinematic and dynamic
models of the mobile ADS as derived from the Lagrange equations, and
on the nonlinear feedback control law. The complete system of
equations is solved jointly subject to given initial conditions. Hence, the
computed solution (4.124) is the predicted motion trajectory of the
actual controlled mobile ADS.

4.5 Generalized Constraint Forces
The vector of generalized constraint forces Q¢ is computed as follows

(Appendix B). Using (4.4), (4.28), the vector of generalized constraint
forces Q¢ is given by

d
Oc = Md—I;+H - DT,. (4.125)

By substituting the constrained motion of the controlled dynamic
model of the mobile ADS, (4.124), and the computed vector of applied
torques T4, (4.119), in the expression on the right-hand-side of (4.

125), a unique vector of generalized constraint forces Q¢ is obtained.

4.6 Lagrange Multipliers

The vector of Lagrange multipliers A is computed as follows

(Appendix B). Given the constrained motion of the controlled dynamic
model of the mobile ADS, (4.124), and the resulting vector of



generalized constraint forces Q¢ computed by using (4.125).

Substitute (4.124) and Q¢ in (4.4), and re-arrange Eq. (4.4) as follows

G' 1= Qc. (4.126)
The vector of Lagrange multipliers A that satisfies Eq. (4.126) is not

unique since the velocity constraints (3.1) are not independent,
Rank (G) = 11 < 13. The exact solution of (4.126) that has minimum

Euclidean norm is given by (Appendix B, Case P4)
1= GH""Q., (4.127)
where (GT)MP ¢ R13*15 denotes the Moore-Penrose generalized

inverse of the matrix G', and ||A|| < ||4.|]| where A, is any given exact

solution of (4.126).
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5. Operational Modes of the Mobile Air
Defence System

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter deals with the operational modes of the mobile ADS. The
operational modes consist of various combinations of the tracking
modes of the vehicle body and of the AA gun. The afore-mentioned
tracking modes are based on the nonlinear feedback control law
developed in Chap. 4. In addition, some results based on the firing rate
of the AA gun are presented.

5.1 Asymptotic Tracking Results
The reference trajectories for ¢,, v, £, for ps, and for dp,/dt, t > 0,

are denoted as follows (Chap. 4)

y—L, cos(ﬁ),B + ajacos(B) = 0, (5.1)
(sv,ref(t)ﬁ
_ a’s,ref(t) 0
ps,ref(t) ’)"/ref(t) s 20, (52)
L {ref(t) i

(5.3)


https://doi.org/10.1007/978-3-030-55498-9_5

5v,ref(t)] >0

psl,ref(t) - [C.L’s,ref(t)

_ ’)./ref(t)
ps2,ref(t) = L;ref(l‘)] , t>0, (5.4)

(gv,ref(t)ﬁ

dps,ref(t) . C'i’s,ref(l)
e P R (5.5)

L gref(t) i

dps Jre (1) 5\) ref\l
% - [a J;((t))] t>0, (5.6)

dps2,ref(t) _ ;)}ref(t)
di lszu)]’ =0 &7

In Chap. 4 a nonlinear feedback control law is derived for the mobile
ADS such that the following asymptotic tracking results are obtained
((4.82)-(4.85)),

0u(t) = Ovref(1)s V() = Vrep(1), (1) = Lrep(0)

(5.8)
as t — oo,
ps(t) — ps,ref(t), as 1 — oo, (5.9)
d st d s,refl
p()_) Psres () as t — oo, (5.10)

dt dt

With reference to (5.1)-(5.10) and the kinematic model of the vehicle
system, (3.33)-(3.36), the asymptotic tracking results for the variables
related to the motion of the vehicle body are as follows

(5.11)



5\/0) - 5v,ref(t) as 1t — oo,

DPs1(t) = Psirer(t) as t — oo, (5.12)

dps(t)  dpsirer(D)
H
dt dt

With reference to (5.1)-(5.10) and the kinematic model of the turret
and AA gun system, (3.37)-(3.40), the asymptotic tracking results for
the variables related to the motion of the turret and the AA gun are as
follows

as t — oo. (5.13)

Y(@) = Vier(®), (1) = Lrep(t) as t — oo, (5.14)

DPs1(t) = Psirer(t) as t— oo, (5.15)

dps(t)  dpsires(D)
H
dt dt

Given the initial conditions ((3.41), (3.42))

as t — oo. (5.16)

q10) = q10, q200) = q20, Ps1(0) = psi0,

(5.17)
ps2(0) = Ps20.

Then, the following holds.

Firstly, for the case of the variables related to the motion of the
vehicle body, consider the relevant reference trajectories from (5.1)-
(5.7). The resulting closed-loop trajectories of the independent
generalized co-ordinates, velocities and accelerations, gy (?), g, (?),

dp,(t)/dt, t > 0, are computed via (3.36), (4.75)-(4.79) (Chap. 4).

Furthermore, the resulting motion trajectories of the vehicle system,
q.(1), q1(t), dpi(t)/dt, t > 0, are computed via (3.33)-(3.35), (5.17).

Secondly, for the case of the variables related to the motion of the
turret and the AA gun, consider the relevant reference trajectories from
(5.1)-(5.7). The resulting closed-loop trajectories of the independent



generalized co-ordinates, velocities and accelerations, ¢q,(?), g1(?),
dps(t)/dt, t > 0, are computed via (3.40), (4.75)-(4.79) (Chap. 4).

Furthermore, the resulting motion trajectories of the turret and AA gun
system, q(?), q1(¢), dp(t)/dt, t > 0, are computed via (3.37)-(3.39),

(5.17). The rotation of the turret in azimuth relative to the vehicle body
rotates the AA gun in azimuth relative to the vehicle body.

Thus, control of the vehicle body and of the AA gun is obtained as
follows.

1.
If proper reference trajectories 0, . ¢(f), da . ¢(t)/dt, together

with the relevant first and second order time derivatives, ¢ > 0, are

specified then maneuvering control of the vehicle body in a plane
parallel to the inertial (X, Y) plane is obtained.

If proper reference trajectories 4;,rc, {ref(f), together with their
first and second order time derivatives, ¢t > 0, are specified then

directional control of the AA gun aiming vector relative to the
vehicle body is obtained.

By using the above-mentioned asymptotic tracking results, various
tracking modes of the vehicle body and of the AA gun are considered
and the required reference trajectories, (5.1)-(5.7), are presented in
each case.

In addition, given the kinematic model of the mobile ADS, (3.21), or
equivalently the decoupled kinematic models of the vehicle system, (3.
33)-(3.36), and of the turret and AA gun system, (3.37)-(3.40), and the
reference trajectories (5.1)-(5.7). Then, the asymptotic tracking results
(5.8)-(5.16) and the kinematic model of the mobile ADS are used to
compute steady state values of some elements of the vector of
generalized velocities g and the vector of generalized co-ordinates ¢.



5.2 Vehicle Body Tracking Mode VM1: Vehicle

Body is Maneuvering

In this configuration, the vehicle body of the mobile ADS is both
translating and rotating relative to the inertial reference frame. It is
assumed that the reference trajectories 6, ,.¢(f) and & ,.¢(7), and the

relevant first and second order time derivatives are chosen such that
the vehicle body is performing the desired maneuver. In the sequel, a
particular steady state motion trajectory for the vehicle body is
considered.

5.3 Vehicle Body Tracking Mode VM 1A:
Vehicle Body is Moving in a Straight Line

It is assumed that the vehicle body is in steady state motion. In
particular, the vehicle body is not rotating relative to the inertial
reference frame and its center of mass is moving forward at a constant
speed k¢ and in a straight line that coincides with the Zps axis (with

direction the unit vector ki, Fig. 5.1).
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Fig. 5.1 Schematic of the mobile air defence system

It follows from (3.33)-(3.36), (5.8)-(5.16), that the reference
trajectories for this case are given by
Svref = Ovref = Ovrer =0, gper = —Vp/a, (5.18)
and the resulting values for the relevant variables are given by
6,=0,=06,=0, &s=-v/a, = B =0, = B, (5.19)

where p; is a given real number, and

B
. Wpor = 0551, Vs & = VbJB5, (5.20)



X —vp, sin(B) —Vy, SIN(B}) (5.21)
— vgl) = |yl = | vpcos(B) | = | vycos(By) |,
0 0 0
I i i i
= vg)) = V(oix = qu) = vg). (5.22)

5.4 Vehicle Body Tracking Mode VM2: Vehicle
Body is Stationary

In this configuration, the wheels and vehicle body are in a stationary
steady state relative to the inertial reference frame. It follows from (3.
33)-(3.36), (5.8)-(5.16), that the reference trajectories are given by

5v,ref = 5v,ref = 5v,ref = 0, a’s,ref = 0, (5.23)
and that
6\):5\):5\/:0, ds:0:>1820,18:18b’ (5.24)
B B
= w%;r)[ = 0341, vé V= 03, (5.25)
= vy = Vg = vy = vy = Ona. (5.26)

5.5 AA Gun Tracking Mode GM1: AA Gun is
Rotating Relative to the Vehicle Body

The AA gun is rotating relative to the vehicle body if it is rotating in
elevation relative to the turret and/or if the turret is rotating in azimuth
relative to the vehicle body. The reference trajectories 4,,c and

{re(1), and their higher order time derivatives are required for the

directional control of the AA gun relative to the vehicle body and are
determined as follows.



Given reference trajectories of the AA gun aiming angles,

agun,ref(t)a dagun,ref(t)/dt, dzagun,ref(t)/dt27 [ O, (527)

agun,ref(t)a dagun,ref(t)/dt, dzagun,ref(t)/dt27 [ O, (528)

and the trajectories of the mobile ADS angle S(¢) (Fig. 5.1),

B), dpt)/dt, d*B@)/dt*, t>0. (5.29)

It follows that the required reference values for the turret azimuth
angle, 4,,7c, the AA gun elevation angle, ;. /(7), and their higher

order time derivatives, are computed at each time t by using (2.163)-
(2.164) as follows,

Yref(t) =gun,ref(t) — g - B(1), (5.30)
dYref(1)/dt =daguy rer(t)/dt — dB(t)/dl, (5.31)
d*Yrep(D]dE =dagup ey (1) /di* — (1) /d1, (5.32)
Lref(t) =€gun,res(1), (5.33)

Alrer(t)/dt =degun rer(1)/dl, (5.34)
d*Lrep(1)]dE =d°@ gun rer () /dI (5.35)

5.6 AA Gun Tracking Mode GM1A: AA Gun
Aiming Vector is Tracking the LOS Vector

In this case, the aiming vector of the AA gun should asymptotically
track the LOS vector. For the given configuration of the mobile ADS it
follows that the aiming vector of the AA gun should asymptotically



become parallel with the LOS vector. Conceptually, both of these vectors
point from point H outwards in certain directions (Fig. 5.1). Note that
during the initial stage of engaging an AAT it is generally required that
the AA gun should be tracking the center of mass of the AAT, that is, the
LOS vector.

Practically, the above means that the reference values for the AA gun
aiming angles g,y re (1), Agunref(f), and their time derivatives in

(5.27)-(5.28), are set equal to the inertial angles of the LOS vector,
a;,5(1), a;,5(1), and their time derivatives, (2.155)-(2.160), as follows

dagun,ref(t) . dalos(t)

agun,ref(t) = alos(t)a

dt dt
dzagun,ref(t) _ dzalos(t) (536)
dr? drr
da un,re (t) da 0s(f)
agun,ref(t) = Qyps(1), : dr d = iit ,
dzaglm,ref(t) ~ dza[()s(f) (537)
ar  der

Consider the case of an AA laser gun that is tracking the LOS vector. It is
assumed that the laser beam travels close to the speed of light in
vacuum ( ~3 x 10® m/s) and in a straight line. In addition, assume a set

of engagement scenarios where the AAT velocities and AAT distances to
point H of the mobile ADS are such that the center of mass of the AAT
moves less than 1 cm over the time of travel of the laser beam to the
AAT. Thus, if the AA laser gun is tracking the LOS vector and the laser
beam is activated then it will intercept the AAT within a distance of
approximately 1 cm from its center of mass (and ignoring the body of
the AAT).

5.7 AA Gun Tracking Mode GM1B: AA Gun
Aiming Vector is Tracking the Fire Control



Vector

However, for the case of an AA gun firing a projectile with a finite initial
velocity as considered here, the AA gun aiming vector must actually
track the fire control vector. The fire control vector is calculated by

solving a relevant fire control problem.’

5.8 AA Gun Tracking Mode GM2: AA Gun is not
Rotating Relative to the Vehicle Body

In this configuration, the AA gun is not rotating relative to the vehicle
body. That is, the turret and the AA gun are in a stationary steady state
relative to the vehicle body. It follows from (3.37)-(3.40), (5.8)-(5.16),
that the reference trajectories are given by

Yref = Yrefcs j/ref = ;)./ref =0, gref = grefCa

- - (5.38)
gref = {ref = O’
where By, (Xp, are given real numbers, and
Y = Vrefes 7 = 7 — O’ { = grefCa § = { = 0. (5.39)

5.9 Main Operational Modes of the Mobile ADS

The main operational modes of the mobile ADS are summarized in
Table 5.1 and are defined by considering various combinations of
tracking modes of the vehicle body and of the AA gun.

Table 5.1 Table of the main operational modes of the mobile ADS

AA gun is not rotating AA gun is rotating
relative to vehicle body relative to vehicle body
(GM2) (GM1)

Vehicle body is stationary relative |OM3 OM2

to inertial reference frame (VM2)

Vehicle body is moving in a OM1B OM1A

straight line (VM1A)




5.10 Operational Mode OM1: Mobile ADS is

Maneuvering

In this configuration, the vehicle body is in tracking mode VM1 and the
AA gun is in any tracking mode. Two subsidiary operational modes that
are of interest are OM1A and OM1B and are described next.

5.11 Operational Mode OM1A: Vehicle Body is
Moving in a Straight Line (VM1A) and the AA
Gun is Rotating Relative to the Vehicle Body

(GM1)

The vehicle body is in tracking mode VM 1A leading to (5.18)-(5.22),
and the AA gun is in tracking mode GM1 leading to (5.27)-(5.35).In
this case, the inertial velocity of the AA gun muzzle, (2.172), simplifies
to the following

I I (Bg)
vz(nth :Vg) + Rpo; (wB66rI X hy)

(5.40)
+ Ry i@y 1y X (Lnd 5,)).

5.12 Operational Mode OM1B: Vehicle Body is
Moving in a Straight Line (VM1A) and the AA
Gun is not Rotating Relative to the Vehicle

Body (GM2)

The vehicle body is in tracking mode VM 1A leading to (5.18)-(5.22),
and the AA gun is in tracking mode GM2 leading to (5.38)-(5.39). Thus,
based on the above, and using (3.33)-(3.36), (5.8)-(5.16), it follows
that

7:0’520’B:0 = Y = Yrefes {:é’refc,

541
B = Py, (>41)



(Bs) (B7)

= Wp, = Wp, = 0551 (5.42)

In this case, the inertial velocity of the AA gun muzzle, (5.40), further
simplifies to the following

—Vp SiIl(,B) —Vp sin(,Bb)
V. = Vgl) = [vpcos(B) | = | vpcos(By) |- (5.43)
0 0

5.13 Operational Mode OM2: Vehicle Body is
Stationary (VM2) and the AA Gun is Rotating
Relative to the Vehicle Body (GM1)

In this configuration, the vehicle body is in tracking mode VM2 leading
to (5.23)-(5.26), and the AA gun is in tracking mode GM1. For this case,
the inertial velocity of the AA gun muzzle, (2.172), simplifies to the
following

B B
Vi = Rpor(@g®y X hy) + Ry @y X (Lud 5,). (5.44)

5.14 Operational Mode OM3: Vehicle Body is
Stationary (VM2) and the AA Gun is not
Rotating Relative to the Vehicle Body (GM2)

In this configuration, all bodies comprising the mobile ADS are
completely stationary relative to the inertial reference frame. Thus, the
vehicle body is in tracking mode VM2 leading to (5.23)-(5.26), and the
AA gun is in tracking mode GM2 leading to (5.38)-(5.39). In this case,
the inertial velocity of the AA gun muzzle, (2.172), simplifies to the
following

Afp: Ollxl- (545)



5.15 Firing Rate of the AA Gun and Firing
Times of the AA Projectiles

The following simplifying assumptions are made with regard to the
firing of AA projectiles.

1.

The firing of the AA projectile generates significant forces on the
AA gun that generally disturb the motion of the mobile ADS. These
effects are not taken into consideration in the present work.

If the firing button of the mobile ADS is pressed at any given time
v(t) then the AA gun fires the first projectile instantaneously at

time (7).

It is assumed that at the time of release of the firing button, the AA
gun immediately stops firing. Thus, no AA projectile is fired at the
time of release of the firing button.

It is further assumed that the center of mass of the projectile moves
in zero time from the breach of the AA gun to the AA gun muzzle.

The motion of the AA gun muzzle directly influences the inertial
velocity of the AA projectile at the firing time (Chap. 6).

If the AA gun fires then it fires at the maximum firing rate denoted
by SU7,

maximum firing rate = Ny projectiles per second. (5.46)

Thus, the time period between the firing of consecutive AA
projectiles is

1

Ay = —.
0 NO

(5.47)

In order to prevent overheating of the AA gun barrel and maximize
its operational lifespan, the AA gun cannot be fired continuously for



more than EMs, seconds followed by a suitable time period of no
firing,
(5.48)

Apmay = maximum time period of continuous

firing of the AA gun in seconds .

" The number of projectiles that the AA gun fires over a time period
oflength EM;, is denoted by Ny, and is given by the following

((5.46), (5.48))
meax = ceil (NOAfmax)’ (5.49)
where

ceil (x,) = smallest integer > x,, x, € R. (5.50)

Given that the firing button is pressed at time y(?) and released at

time 77 + 47 where

0 <Af SAfmax- (5.51)

Then, the AA gun immediately stops firing at time 7., + 4.

Furthermore, the number of projectiles fired by the AA gun during the
time interval 7/, Irire +4¢] is given by

Nf = ceil (NQAf) (5.52)

It follows that the sequence of firing times of the /V, projectiles,

Ny > 1, are given by

(5.53)



1
tfire+kA0, k:(),l,...,Nf—l, A(): —,
No

= Lfires Lire + Ao, tfire + 240, ... tire + (N — 1)do. (5.54)
Assume that it is given that the AA gun must fire a burst of ¥
projectiles starting at a given time y(f), 1 < N, < Nyy4x. Then, the
firing button must be released at time Jg; = J,, where L; is computed

by using (5.52), (5.50), as follows

A
o = sat (N = Do+ =20, Apnax), (5.55)
where the saturation function sat is defined as follows
Xmax if x4 > Xpax
sat (Xa, Xmins xmax) = Xa if Xmin S Xa < Xmax (556)
Xmin lf Xa < Xmin

Xmin < Xmax, Bi, Jp23, Xmax € R. The time Qg9 is added in (5.55) in
order to (conservatively) ensure that the resulting L, (5.55), produces

the specified ¥ via (5.52), thatis, N, = ceil (Nod,).

Footnotes

1 A conceptual fire control problem is formulated and solved numerically in Chap. 7.
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6. Point Mass Flight Dynamics Model of
the Anti-Aircraft Projectile

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter deals with the point mass flight dynamics model of the AA
projectile ([79, 115]) as follows.

1.
The AA projectile is considered to be a point mass and the flight

dynamics model describes the inertial motion of the point mass
([79, 115]). Thus, the rotational motion of the actual AA projectile
is not considered.

The differential equations of the point mass flight dynamics model
together with the specified initial condition define an initial value
problem. The final time of the initial value problem is equal to the
ground impact time ([44, 119]).

The AA gun fires a single projectile at a sequence of increasing
elevation angles and at a fixed azimuth angle. The case of zero wind
velocity and the case of a given cross wind velocity are considered.

In all cases, the trajectory of the AA projectile is computed by
solving numerically the initial value problem using a fourth order
Runge-Kutta algorithm with a fixed time-step ([44]).
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Fig. 6.1 Schematic of the mobile air defence system

6.1 Inertial Position and Velocity of the AA

Projectile

The point mass flight dynamics model of the AA projectile is based on
the following assumptions and methods.

1. The following group of assumptions holds.

a.
The earth is spherical and is not rotating ([12]).

b.
The motions of the mobile ADS and AA projectile take place
on and just above a small area on the surface of the earth.



c. The above-mentioned small area on the surface of the earth is
considered to be locally flat.

d.
The origin of the inertial co-ordinate system is fixed on the

slocally flat surface of the earth (Appendix B).

The actual AA projectile is a symmetrical solid body of revolution
having cylindrical shape with an ogive-like front end ([24, 78, 116,
122, 180]). The symmetry axis is the longitudinal axis and the
projectile is spin-stabilized.

In this work, the AA projectile is considered to be a point mass. A
flight dynamics model is used to describe the inertial motion of
the point mass ([46, 79, 115, 116, 169]). Thus, the rotational
motion is not considered. The point mass flight dynamics model
consists of a set of nonlinear differential equations that include
the gravitational force, the aerodynamic drag force and the effect
of a wind velocity ([115]). In the sequel, the term AA projectile
refers to a point mass.
The inertial position ) (;) and the inertial velocity /) () of
proj proj

the AA projectile (Chap. 2) are denoted as follows

) _ 1D () () T
rproj(t) - [rprojx(t)’ rprojy(t)’ rpr()jz(t)] NS [tfirea thitG]a (6].)
d[l"(l) (1)
) — 1,d () () T _ proj

t € [tfires thigl,
where y(7) denotes the firing time, O¢; denotes the ground

impact time (where the ground is represented by the inertial
(X, Y) plane). The ground impact time Qc; is defined in terms of

an event as follows ([77, 120])

thic = 1nf Ay, (6.3)



where

Apig = T € (Tfire, ©0): ”E,Ir)ojz(T) <0, Vgr)on(T) <0} (64)

The fired AA projectile will impact the ground in a finite time
implying that the set Q410 is not empty. Hereafter, it is assumed

that time ¢ € [#fire, thisc], unless otherwise stated.
The time of flight to ground impact, 7’5 I3, is defined as follows
AiofG = thisG = fire- (6.5)

It is assumed that the AA projectile moves in zero time from the
breach of the AA gun to the AA gun muzzle (Fig. 6.1).

Given the above assumption, the inertial position of the AA
projectile at the firing time y(#) coincides with the inertial

position of the AA gun muzzle ((2.168))

1
rﬁ,r)oj(tfire) = r;(qutz(tfire), (6.6)
1 1 1
= rézoj(tfire) = rfq)(t) + LmJ(Bz(t), I = tfire’ (67)
where
—sin(B())(Ly, + hry)

F(trive) = 10 (1) + | cos(BONLy + hry) |,
hy + hr, + hy,
x(1)
Dy — .
rOA(t) - y(t) ’ t_tfll”€7
0

(6.8)

c08(Qgun(1)) COS(€gun(1))
T gire) = | sin(@gun(1)) COS(Cqun()) |, 1= Lgire.  (6.9)
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| SIN(Cgynll)) ]

The generic firing velocity of the AA projectile at time y(?),

vg) (tfire) is defined as follows

1 1 1
vy (tfire) = Vod g tgire), IV gl = Vo,

where @; is referred to as the generic firing speed.

(6.10)

It is assumed that the inertial velocity of the AA projectile at the

. . . I .
firing time y(?), v; r)oj(t fire) 13 equal to the vector sum of the

generic firing velocity, vﬁf)(t Fire)’ and the inertial velocity of the AA

gun muzzle, as follows

1
;r)Oj( ire) = vmuz(tflre) + V( )(tfzre)

where

1 1
Vie(trire) = Vi (t) + Lud J)0)/dt, 1= tyipe,

= cos(BN)BU)(Ly + hry)
vW(trire) = vO.(0) + | = sinB@)BEY(Ly + hry) |
0
x(1)
V@) = |30, 1= thire
0
di ') (1)

dt

(6.11)

(6.12)

(6.13)



10.

11.

12.

13.

- Sin(agun)é-gun Cos(egun) - Cos(agun)égun Sin(egun)
Cos(agun)agun COS(egun) - Sin(agun)égun Sin(egun) , = tfire-(6.14)
Cos(egun)égun

It follows from (6.12), (6.10), (5.45), that if the mobile ADS is

completely stationary (operational mode OM3) then ,,() (tfire) is
prOJ fire
given by
g,?oj(tfzre) = v( )(tfzre) = VOJ(I)(tflre) (6.15)

It is assumed that there is a wind acting on the AA projectile. The
wind velocity, y) o is generally a function of time t and of the
win

inertial position 0 () ([46]),
proj

() D (po D
Vwmd Vwmd(t’ rpm] (t)) (6.16)

However, in this work it is assumed that for the time horizon

under consideration, the wind velocity, r is a constant vector
win

([46]).

The inertial velocity of the AA projectile relative to the wind,

"y )12 () also referred to as the relative velocity, is defined as
re w

follows ([46])

v @) = v @y -vY (6.17)

rel2w pro Jj wmd

Let () () denote a unit vector in the direction of () (), and
re 2w I”€ 2w

given by



14.

15.

(1)

_ vrelZw(t>

B () ’
Ve Ol

()

rel2w

V" (@)l # 0, (6.18)

rel2w

where ||, (y)|| is referred to as the relative speed of the AA
rel2w

projectile.

The Mach number of the relative speed is given by

)
Vo2 DIl (6.19)

MachN,.p,(t) = ;
. Vsound(t)

where V,,,,4(f) denotes the speed of sound computed by using

the International Standard Atmosphere (ISA) model, and is a
function of several variables at time t, including the altitude,

A0 (p) (146,113,116, 169]).
projz

In this Chapter, the presentation of the material and the
computation of the AA projectile trajectories are simplified by
setting the firing time y(7) equal to a fixed value for all AA

projectiles fired by the AA gun.

6.2 Point Mass Flight Dynamics Model of the

AA Projectile

By applying Newton’s second law ([5, 10, 12, 13, 70, 75, 81]), the point
mass flight dynamics model describing the inertial motion of the AA
projectile is given by ([79, 115])

(6.20)



_ J ﬁ
dyr') (1)
dt - "gr)oj(f)
- 1 1 ’
d]V(I) (Z) (nge)ro(t) + F((gr)av) /mproj
proj
dt

IS [tfire, thilG]’

where the following holds.

1.

171(0) is the mass.
2.

FE,Qm(z) is the resultant aerodynamic force.
3.

F((glr)av is the gravitational force and is given by (Appendix B)

nglr)av = _mprojgl3’ (6.21)

where g denotes the gravitational acceleration, g = 9.81 m/s?2.

Henceforth, in order to simplify the presentation the explicit
functional dependence on time t is mostly suppressed. It is assumed
that the resultant aerodynamic force Fé?av in (6.20) consists of an

) acting in a direction that is opposite to

aerodynamic drag force F;
rag

the relative velocity ,()  and is given by ([24, 46, 115, 116])

rel2w

, ; D2,
FO, = FD =—05pACaragl",, IPul

ero rel2w rel2w
‘ ) (6.22)
= = 0.5pACaraglVD)y I,

where the following holds.
1.



(Xp,, is the drag coefficient and is a nonlinear function of

p. =dgq./dt, (6.19), and thus of the relative speed ||v(1) || and of

rel2w

the speed of sound ¢ (?) ([24, 116]),

Cdrag Cdrag(”vrelzwn/vsound) (623)

2.
n denotes the air-density computed using the ISA model ([113]).

3.
Bs is a reference area assumed to be given by A, = ﬂ'alz? where p;

is the radius of the AA projectile.

The wind velocity y influences the relative velocity v(l)zz
wind relzw

(6.17), the aerodynamic drag force F ., (6.22), and thus the AA

projectile trajectory ([115]).

It follows that (6.20), (6.7), (6.11), define an initial value problem
(Chap. 2, [44, 119]). The state vector X of the point mass flight
dynamics model, (6.20), is defined as follows

I‘(I) .
X = [V{[)OJ}, (6.24)
proj

X € RC. The elements of X are given by

X = [X17X2’X37X4’X5’X6]T =

[r @O @ D) 1.

pr0]x’ projy’ projz’ "~ projx’ " projy’ pr0]z (6.25)

By using (6.20), (6.25), the point mass flight dynamics model is

expressed in state space form as follows
(6.26)



dX(t)
7 = fproj(X(t))’ X(tfire) — X(), S [tfirea thitG]a

)

rprojO

Xo = || (6.27)
proj,0

where the vector function Q- € R” maps a vector in R° to a vector in
R®, and is obtained by using (6.25) and the right-hand-side of (6.20).

The initial position {0 . is given by the right-hand-side of (6.7), and
proj,

the initial velocity ¥ 0 is given by the right-hand-side of (6.11). Thus,

proj,

@, O are functions of the generalized co-ordinates ¢ and the
proj,0 " proj,0

generalized velocities dp/dt of the mobile ADS at time y(¢), and of the
generic firing speed @; ((6.10)).

The solution of the initial value problem (6.26), in cases where it
exists and is unique (Chap. 2, [44, 119]), is denoted by A,.; and

satisfies the following equation

1

X(Z) = XO + fproj(X(T))dT’ S [tfil”€7 thitG]- (6.28)

?fire

The solution of the initial value problem is a function of time t, the
firing time y(¢), and the initial condition N »,and can be denoted as

follows
X(@) = X(1 tfire) = X(1, tfireaXO),

6.29
L€ [tgies thic], X(tge) = Xo. (6.29)



It follows from the above that the ground impact time (Qc; is a function
of the initial condition N, and thus of the AA gun aiming angles at the
firing time, 8g,,(7fire), @gun(frire). Similarly, the ground impact inertial

position "pmj(fhirc) and ground impact inertial velocity mej(l‘hitG) are

also functions of the AA gun aiming angles at the firing time, @,,,(fir.),
agun(tfire) .
The ground impact range r, is defined relative to the inertial (X, Y)

co-ordinates of the AA projectile position at the firing time as follows

1 1
[r;;, jx(rh,-@] B [rggo 2 (tire)

() ()
ForojyThitG) | | ¥ pro iy (Lsire)

rg = ||lrgll where r; =

] . (6.30)

The inertial speed /) and kinetic energy &, ; of the AA projectile
proj

are given by

O _ D _ 2 2 ) 2
VP”OJ h ”vpi”Oj” - \/(vprojx) +(Vpr0jy) +(vpr0jz) ’ (631)
1 ) 12
Sproj = 5MprosllV g I (6.32)

Assume that the trajectory 0 () t€ [Zfire> thirg], is a regular curve in
proj

three dimensional space ([104]). Then, it follows that the distance
travelled along the trajectory over the time interval [#;.., f], also

referred to as the length of the trajectory or arc length, s(t), is given by
([104])
(6.33)



1t
1
0 = [ 0, 0lldr. 1€ e )
[fire

S(tfire) = 0,

= Total length of the AA projectile trajectory = s(tnic)- (6.34)

The initial value problem (6.26) does not have a closed-form solution. It
follows that there is no closed-form expression available for the vector
function X(7; i, X0), (6.29), in terms of time ¢, the firing time y(?),

the initial condition N,, and the AA projectile parameters ((6.27),

(6.22)).

Thus, a numerical solution to the initial value problem (6.26) is
computed using appropriate numerical methods ([6, 22, 27, 32, 44, 68,
77,152,156, 175]). Furthermore, all quantities given in (6.30)-(6.33)
are computed numerically.

Table 6.1 Table of values of the drag coefficient (Xp,, of the AA projectile and the
corresponding Mach number p, = dq,/dt

p. =dq./dt| (Xp,
0 0.182
0.01 0.182
0.4 0.186
0.6 0.187
0.7 0.187
0.8 0.196
0.9 0.232
0.95 0.29

0.975 0.331
1 0.374
1.025 0.398
1.05 0.414




p. =dq./di| (Xp,
1.1 0.407
1.2 0.389
1.35 0.365
1.5 0.347
2 0.287
2.5 0.239
3 0.204
3.5015 0.1773
4.0121 0.1652

6.3 Parameter Values for the Anti-Aircraft
Projectile

The parameter values for a given 35 mm AA projectile are obtained ([8,
9]) and used in this work as follows.
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Fig. 6.2 Plot of the drag coefficient of the AA projectile, (Xp,,» versus Mach number,

) qu/dt
1.
The mass, (6.20), is
Mpyo; = 0.550 kg . (6.35)
2.
The generic firing speed, (6.10), is
Vo = 1180 m/s. (6.36)
3.
The radius p, and reference area Bs, (6.22), are
35x 1073
a = —— m,
b 2 (6.37)

Ap = ma; = m(35x107°/2)* m*.

The numerical values of the drag coefficient, (Xp,,, at various Mach
numbers, p, = dq./dt, are given in Table 6.1. The afore-mentioned

numerical values were obtained from data given in Table 2 of [9],
and from the discrete data points plotted in Fig. 1(a) of [8]. A plot
of the drag coefficient, (Xp,,, versus the Mach number, p. = dq./dt

, is shown in Fig. 6.2.

Linear interpolation is used to compute the value of the drag
coefficient (Xp , for Mach numbers p. = dq./dt lying inbetween

the data values given in Table 6.1.

6.4 Parameter Values for the Mobile ADS

The relevant parameter values for the mobile ADS are as follows.



1. The geometric parameters are given by (Chap. 3 and Fig. 6.1)

agun,ref(t), dagun,ref(t)/dta dzagun,ref(t)/dtza [ 2 O’ (638)
L, =16 m, h, =14 m, (6.39)
L. =33 m, hy =10,02,13]" m,
. (6.40)
h, = [0, 0, 0.2] m,
L, =28m, L, =12m. (6.41)

The AA gun fires a single AA projectile at a sequence of increasing
elevation angles and at a fixed azimuth angle as follows

egun(tfire) € Ay, agun(tfire) = n/2,

Ao = {100 mils, 200 mils, ..., 1500 mils }, (6.42)

where

6400 mils = 2x radians . (6.43)

The mils firing time is /,,,3 > O for all €g,,(fir.) € Ao, implying
that the time of flight to ground impact is given by

Aiorc = thisc — trire = thiG- (6.44)

The mobile ADS is completely stationary for all times
t € [tfire, thisgl, thatis, it is in operational mode OM3 throughout

the flight of the AA projectile implying that

dq(®)
dt

5. Itis assumed that the mobile ADS is positioned such that (see
Fig A 1)

= 0is5a = q() = q(tfire), 1€ [tfires thiigl.  (6.45)



Ly very

(6.46)

x=y=0 f=0 a =0 i=1234
6] - O, j:3,4ava as = 0'

It follows that the inertial position and velocity of the hinge point H
of the AA gun are given by ((6.8), (6.13))

rD@) =10, 1.8, 291" m, vD@) = 0s,

(6.47)
t € [tfires thirG]-

' Using (2.163), (2.164), it follows that the AA gun azimuth and
elevation angles v and ¢ are as follows

Y(tfire) = 0, {(tfire) = egun(tfire) EA(). (648)

. It follows that the inertial position and velocity of the AA gun
muzzle are given by

1 1
() = 1y (tire) + Lnd 5 U gire),

(6.49)
v,%z(t) = O3x1, 1€ [trires thiG],

and that the initial inertial position and velocity of the AA projectile
are given by ((6.27), (6.7), (6.11))

1 1 1
l’( r)o 0 rg.l)(tfire) + Lm-]%)(tfire)a
e o O (6.50)
vproj,() = VOJB7 (tfire),
where
0
1
J%z(tfire) = Cos(egun(tfire)) . (65 1)
Sin(egun(tfire))

At time y(?) all the generalized co-ordinates in ¢ are equal to zero

~ & s - A~ <« s~ a A~



excepttor ¢, (6.48), (o, (2.140).

For each AA gun elevation angle €g4,,(fir) € Ao, the corresponding

initial inertial position and velocity, ;) , ) | are computed.

proj,0 " proj,0

Some of the computed values are as follows.
g(tfire) = egun(tfire) = 100 mils :

PP =10, 4.58652, 3.17445]T m,

proj,0
yD =10, 1174.32, 115.66]7 m/s,

proj0 —

{(tfire) = egun(tfire) = 100 mils :

D =10, 3.7799, 4.8799]" m,

proj,0
v =10, 834.386, 834.386]T m/s,

proj,0

g(tfire) = egun(tfire) = 1500 mils :

D =10, 4.58652, 3.17445]" m,

proj,0

v =10, 1174.32, 115.66]7 m/s,

proj,0

6.5 Computation of the AA Projectile

Trajectory with No Wind

In this case it is assumed that there is no wind,

vy

wind O3X1 :

(6.52)

(6.53)

(6.54)

(6.55)

Since there is no wind, it follows that for each AA gun elevation angle
the AA projectile trajectory will lie in the inertial (Y, Z) plane. The
trajectory is computed by solving the initial value problem (6.26)



numerically for A,.q, t € [ffire, thicl, using a fourth order Runge-Kutta
algorithm with a fixed time-step (A,.q) = 11 s ([27, 44, 68,77, 156]).

The numerical solution of the initial value problem is sequentially
computed at discrete times in the following set

Te= {tfire, fire + Asim, Ifire T+ 2Aims oo tyax)s

(6.56)
Imax = lfire t NimA sim,

where f,,, is chosen such that it is greater than the largest possible
value of Qcj, (6.3), (6.4), for all €g,,(¢rir) € Ao, and such that
Imax — Lfire is an integer multiple Xp , of 4y, . In this case, (x; + j.y1)

S.
In particular, the computations are performed as follows. Consider
the time interval 7. ; defined by the ith consecutive pair of times in 7,

(6.56),

Tc,i = (tfire + il sim, Lfire + (i + DA gin],

i=0,1,2,.., Ngm — 1. (6.57)

At the end of each time interval 7.;, i =0, 1,2, ..., N, — 1, and having

computed ,.gr)oj(t fire + (i + 1)Agim) and other variables of interest at

time 7y + (i + 1)4;;, the Runge-Kutta algorithm programmatically

calls a suitable algorithm (in this case, an advanced regula falsi based
algorithm implemented in the MATLAB function odezero, [32, 110,

120]) in order to find the first time 7 € 7.; where . (1) <0
projz -

Vgr)ojz(t) < (- If such a time t can be found then the ground impact time

is j = 1,2.The trajectory of the AA projectile is stopped at time Qc;.



Thus, the numerical solution of the initial value problem is actually
computed on the following set of times

{tfire’ tfire + Asim, tfire + 2Asim, ooy z‘fire + NeAsim, thilG}a

N, = ceil (thiG — tfire)/Asim) — 1. (6.58)

In general, the length of the time horizon (¢, — fir.) is not an integer
multiple of the time-step 4,;,, with the result that the last time-step is

less than 4g;,,.
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Fig. 6.3 Plot of the AA projectile trajectories, that is, rgr)ojz(t) versus ”gr)ojy(t), tet Fires thicl s

for AA gun elevation angle egun(;ﬂm) € A, : with no wind



Table 6.2 Table of values of the AA gun elevation angle ag,,(/;.) (mils) and the variables

Ts,I5 (s), rg (m), s(thirc) (m), vg;?()j(thilG) (m/8), Eprojltnirc) (), max, ;»;’r) (1) (m), r;[r)ojx(lhi’G)

(m) (abridged headings shown below): with no wind

0jz

Bgun rk @ Js@ [0 T 1600 [max, 0 | RO
(mils) 1 (s) (m/s) (m) (m)
100.0 14.03 6155.70 16191.29 |224.81 13898.43|273.50 0.00
200.0 22.38 7712.13 |7903.52 |188.13 9733.50 |721.71 0.00
300.0 29.51 8719.59 [9213.11 |181.59 9068.54 |1253.35 0.00
400.0 36.02 9424.58 |10372.89(185.12 9423.63 |1847.94 0.00
500.0 42.10 9903.14 |11456.28 (192.01 10138.46 12491.27 0.00
600.0 47.86 10180.30112482.83|199.60 10956.32 |13170.62 0.00
700.0 53.31 10258.36 ({13448.76 1206.82 11763.25(3872.94 0.00
800.0 58.45 10127.05114337.72 {213.29 12510.03 14583.87 0.00
900.0 63.24 9768.63 |15125.87(218.87 13174.09 |5287.10 0.00
1000.0 67.63 916194 |15785.85(223.59 13748.12 1 5964.03 0.00
1100.0 71.53 8287.02 |[16291.331227.49 14231.78 | 6593.88 0.00
1200.0 74.88 7129.69 116622.411230.63 14627.01|7154.26 0.00
1300.0 77.60 5688.62 |16773.491232.90 14916.18 |7622.24 0.00
1400.0 79.60 3982.85 |16762.69|234.40 15108.8317976.03 0.00
1500.0 80.83 2059.08 |16644.19|235.27 15222.23 (8197.07 0.00

In subsequent Chapters the Runge-Kutta algorithm is applied in
order to solve numerically sets of nonlinear ODEs over time horizons
whose lengths are not an integer multiple of the fixed time-step. Thus,
the numerical solutions are computed on sets of times that have a
structure that is equivalent to (6.58). In order to simplify the
presentation the sets of times will be represented in a form analogous

to the following

{tfire’ tfire + Asima ) thitG},

and reference will be made to (6.59).

(6.59)




The computed AA projectile trajectories are shown in Fig. 6.3. The
ground distance from the AA gun muzzle to the ground impact point, 7,

, (6.30), is given in Table 6.2 and shown in Fig. 6.4. Additional results of
interest are shown in Figs. 6.4, 6.5, 6.6, 6.7, 6.8, 6.9,6.10 and 6.11.
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Fig. 6.4 Plot of ground distance to AA projectile ground impact point r, versus AA gun

elevation angle egun(tﬂre) € A, : with no wind
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Fig. 6.9 Plot of AA projectile aerodynamic drag force magnitude ||F,,, (D) versus () (t)’
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t € [tfires thirG) , for AA gun elevation angle €oun(t fire) € Ao (plots for increasing Agun(t fire) aTE

towards lower left): with no wind
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elevation angle egun(tﬁre) € A, : with no wind



9000

B fes shmarde e 2 o s 5 e | a2 0 T e e s el i :
: f ; : : : X '
7000k e R T X
E A
o : : : : :
g 6000_ ...................................... ....... ...... , ...... ...... X ............................
T : : : f :
o : : : x
6 5000 oy i s
o : : %
N : : :
E 000} oo sl
E . E
© : : : 5 : X : ; : : : : : : :
E 3000 F - R R R RREE EEREREE EEREEEE EEEREE IREREES R EREREEE SRR D
: : ] : i : : : : . : : : ‘ :
2000 - - g peasae s i e — e e o o —— I T ——— —— — : e e — :
: : : X : : : ] : : : : : : :
: : % ; : : : ] : : ‘ : ; : :
1000_ ..... ...... ....... ...... ...... ....... ...... ...... ...... e e RIS .......
% : : : 1 : : : : : : :
0 | | | | 1 | | | | | | |

| | |
100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
AA Gun Aiming Elevation Angle (mils)

Fig. 6.11 Plot of the maximum of the AA projectile Z co-ordinate D () Over time t,
projz

t € [tfires thirg]» Versus the AA gun elevation angle e, (¢/;..) € A : with no wind



I S 4
8000 ... ioi P
I e . L e
o I L e
5000 ..+ B ol

4000 . -

Z co-ordinate (m)

-100

X co—-ordinate (m) Y co-ordinate (m)

Fig. 6.12 Plot of the three-dimensional AA projectile trajectories, that is, () (f) Versus
projz

D (1) and D (t) 1€ [% fires thir]» for AA gun elevation angle egun(tﬂm) € Ap:witha
projx projy

cross wind

6.6 Computation of the AA Projectile

Trajectory with a Cross Wind
In this case it is assumed that there is a cross wind given by

Ve =1-50 00" m/s. (6.60)

Due to the direction of the cross wind, the AA projectile moves to the
left of the inertial (Y, Z) plane (when looking in the direction of the

positive Y axis) and impacts the second quadrant of the inertial (X, Y)
plane. The computed trajectories are plotted in Fig. 6.12. The inertial
(X, Y) plane co-ordinates of the ground impact points are shown in Fig.
6.14.
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Fig. 6.13 Plot of ground distance to AA projectile ground impact point 7, versus AA gun

elevation angle e, (¢/i..) € A : with a cross wind
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Table 6.3 Table of values of the AA gun elevation angle ag,,(/;.) (mils) and the variables

Ts 15 (s), rq (m), s(thic) (m), Vgr)(,j(fhizG) (m/s), Eproj(thir) (), max, r;’r)ojz(;) (m), r;’gojx(;hitc)

(m) (abridged headings shown below): with a cross wind

agun T6V13 rq (m) s (m) (D . Sproj (]) max; F(I) . F(I)
proj projz drag

mils s

(mils) (s) (m/s) (m) (m)

100.0 14.03 6155.84 [(6191.53 |224.85 13902.83 |273.50 -43.96

200.0 22.38 771250 [7904.11 |188.18 9738.51 |721.70 -43.96




Bgun Ts I3 | rg(m) |s(m) W Eproj D | max, ) A F)
mily @ (m/s) () (m)
300.0 29.51 8720.23 [9214.05 |[181.65 9073.87 [1253.35 —-108.96
400.0 36.02 9425.52 [10374.16 |185.17 9429.16 [1847.93 —108.96
500.0 42.10 9904.42 |11457.87|192.06 10144.13 | 2491.26 —-108.96
600.0 47.85 10181.95|12484.71 |199.66 10962.08 | 3170.61 —187.39
700.0 53.31 10260.43 | 13450.92 | 206.87 11769.09 | 3872.92 —-187.39
800.0 58.45 10129.61|14340.14 |213.34 12515.92 | 4583.85 —-108.96
900.0 63.24 9771.76 |15128.55|218.92 13180.02 | 5287.07 —108.96
1000.0 67.63 9165.77 [15788.79 |223.64 13754.06 | 5963.99 —-108.96
1100.0 71.53 8291.76 [16294.56 |227.54 14237.72 | 6593.84 —-187.39
1200.0 74.88 7135.72 1662596 |230.67 14632.95|7154.21 —108.96
1300.0 77.60 5696.70 |16777.45(232.94 14922.10|7622.19 —-108.96
1400.0 79.60 399494 |(16767.23 |234.44 15114.74 797597 —-108.96
1500.0 80.83 2083.01 [16649.77(235.32 15228.11|8197.01 —-108.96

The ground distance to the ground impact point, 74, is shown in

Fig. 6.13. It turns out that for AA gun elevation angles of approximately
400 mils and larger the ground distance to the ground impact point
gradually increases relative to the case with no wind, see Table 6.3. The
rest of the results are broadly similar to the results obtained for the
case with no wind and are not shown here in order to save space.
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This Chapter deals with the formulation and numerical solution of a
conceptual fire control problem FCA as follows.

1.
Fire control problem FCA involves the specification of a finite

number of intercept times of the AA projectile with the CM of the
AAT, t >0, k=1,2,...,ns. The associated firing times 7 > 0,

k=1,2,...,ny,are obtained as shown below.
2. For each given intercept time 7 > O the following quantities are

computed.

a.
The inertial azimuth and elevation angles of the fire control

vector, apc(firex), 8rc(ffirex). Attime 7 > 0, the aiming
azimuth and elevation angles of the AA gun are equal to

arc(tfirer) and arc(trire ), respectively.

The time of flight of the AA projectile to the CM of the AAT,
Aiofci-
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c It follows that the firing time of the AA projectile is
Lrirek = thitck — Awofck-

The fire control problem is also formulated using feasible control.

7.1 Fire Control Problem FCA

The mobile ADS engages the AAT over a finite time horizon 7,

Tr = lto, trin],  fo < trin, (7.1)

In order to establish an upper limit on the performance of the mobile
ADS an ideal case is assumed. In particular, it is assumed that the
inertial trajectories of the CM of the AAT and the inertial trajectories of
the hinge point H of the AA gun are given. In practical applications,
error-prone estimation algorithms and noisy sensors are employed in
order to estimate the motion of the AAT relative to the mobile ADS. This
will inevitably lead to reduced performance compared to the ideal case
considered here.

The position, velocity and acceleration trajectories of the center of
mass of the AAT are denoted as follows

dirl @) &l (o)

targ targ

dt drr ~

Given the reference trajectories for the mobile ADS, (5.1)-(5.7). Then,
the closed loop trajectories of the vehicle system ¢q(?), q(?), dp;(t)/dt

rD @),

targ

teJr. (7.2)

, are computed by using (4.75)-(4.79), (3.33)-(3.34), leading to the
computation of the trajectories

x(1), y(1), B(1), x(1), 3(t), B(D), (), $(t), B(1), t € TF. (7.3)

Using the above, it is possible to compute the trajectory of the hinge
point H of the AA gun, together with the first and second order time
derivatives, given by



dry® dir)@ (7.4)

rif 0 dt dr? <7

and to compute various other quantities of interest (Chaps. 2 and 3).

b

ra

Y

O

I

Fig. 7.1 Schematic of the mobile air defence system

It is assumed throughout that the vehicle body of the mobile ADS is

not rotating relative to the inertial reference frame I and that it is in
either one of the following two states.

1. The vehicle body is completely stationary implying that
(7.5)



Ay () )@
dt —  drf

- 3x1s

1€ Tr.

1 )i
r@ = (),

The vehicle body is moving forward at a constant speed k¢ and in a
straight line that coincides with the longitudinal axis ( Zp, axis) of

the vehicle body, Fig. 7.1, implying that

2rD(1) 4 D) Vb CQS(,Bb +7/2)
L =05, ——=v,) = |wsin(B, +7/2) |,
dt dt 0 (7.6)
teJr,

and where (7) = B, = afixed angle, t € TF.

The formulation of fire control problem FCA is based on the
following assumptions and methods.

1.
Given a finite number ny of intercept times of the AA projectile

with the center of mass of the AAT, 1 > 0, k = 1,2, ..., ny,

1 = Thire) < Thirc2 <+ < lhitCnp—1 < lhisCiny < TFIN- (7.7)

In this work the first and final intercept times are chosen as
follows

thircy = 0. thiscn, = tFIN- (7.8)
2. Given the intercept times, (7.7), (7.8), the firing time of the AA

projectile, > 0, is obtained as follows

rirek = thicck — diofrciks  Lrirek < thitCs

k = 1,2,...,7’lf, (7.9)



where 4;,¢c is the time of flight of the AA projectile to the
intercept point F;1k, (7.12), and must be computed as part of

the solution to fire control problem FCA.

It follows that the first firing time Rp; will be a negative number
given by

triren = 0=dirc1 = —diwrc,. (7.10)
The initial time j; of the time horizon 7, (7.1), is set equal to

Rp; as follows

to = trire1 = —diwrcy = TF = ltfire1, trIN]. (7.11)
Thus, the initial time j; is not known beforehand and the values
of variables at time j; cannot be specified beforehand. In order to

circumvent this difficulty certain assumptions are made such that
once Rp,; is computed, (7.10), the values of variables at time

Io = tyire,1 can also be computed.

By using (7.7), (7.2), the ny intercept points on the inertial

trajectory of the center of mass of the AAT are computed as
follows

1
Frarglk = rgazfg(thitc,k), k=1,2,.., ng. (7.12)

In the sequel, the index k refers to the kth intercept time, (7.7).
Thus, all variables can be indexed in terms of k or they can
equivalently be expressed as a function of the kth intercept time
t > 0, or the kth firing time 1 > 0, k = 1,2, ..., ny.

It is assumed that at each firing time 7 > O the AA gun is



completely stationary relative to the vehicle body of the mobile
ADS.

The FC vector, Dg)c (tfirex)’ is a unit vector pointing from the hinge

point H of the AA gun outwards, and is given by

) cos(arc(tfirex)) COS(€Fc (T firek))
D%)C(f fire) = | sin@rc(tfirer)) COS(€rc(trires)) |»  (7.13)
Sln(eFC(tfire,k))

where arpc(fire) is the azimuth angle and apc (s k) is the

elevation angle of the FC vector, and must be computed as part of
the solution to fire control problem FCA.

In fire control problem FCA, the AA gun can only fire at the times
defined in (7.9). It is assumed that at each firing time 7 > O the AA

gun aiming vector, Jg \(t Firek)’ is equal to the FC vector,
7 b

D g)c(t Fire)’ implying that

Jg;(ffire,k) = Dg)c(tfire,k)a (7.14)
and
Agun(t) = apc(t), €gqn(®) = €pc(t), t = tfirer,  (7.15)
k=1,2,..,n;.

Given the above assumptions that at each firing time 7 > 0 the AA

gun is completely stationary relative to the vehicle body and that
the vehicle body is not rotating relative to the inertial reference
frame throughout the engagement. Then, it follows that at each
firing time 7 > O both the FC vector and the AA gun aiming vector

~ ~ - e—— .



are not rotating with respect to the inertial retference frame 1. 1his
implies that

(7.16)
arc(t) = arc(® = 0, €pc(t) = €pc(t) = 0,
[ = Ifireks

agun(t) = égun(t) = 0, égun(t) = égun(t) = 0, (7.17)

I = tfirek,
k=1,2,...n;.

10.
It is assumed that the nonlinear feedback control law of the

mobile ADS will precisely rotate the AA gun from one stationary
firing position relative to the vehicle body at time 7 > 0, to the

next stationary firing position relative to the vehicle body at time
—T,,I5, such that constraints (7.15)-(7.17) are satisfied,

k=1,2,..n,—1.

11.
The initial conditions of the AA projectile that is fired at time

t > 0 depend on the values of the inertial angles of the FC vector,

arc(trirer), arc(trirer), kK =1,2,...,ny.

12. Furthermore, the inertial position and velocity trajectories of the
AA projectile that is fired at time 7 > 0 are denoted as functions of

t > 0 and of a different time variable 7 used to describe the
motion of the AA projectile over the time horizon (7., Thiickl,
as follows
I I
l’;zoj('l'; tfire,k)’ v;;?oj(T; tfire,k),
I
- . [l’(m),\,-(T; tfire.k)]



X(Ttfirex) = | 07 ) (7.18)
Jire [ ;30](7- tfzrek)

T € [tfire ks thirckl,

k=1,2,..,ns.Thus, t > 0 is used as an index variable in order to
associate X(7;ffir.x) to the AA projectile that is fired at time
1>20,k=1,2,...,n

13. For each given intercept time 7 > 0, k = 1,2, ..., ny, the above-

mentioned trajectories of the AA projectile are computed by
solving an initial value problem involving the point mass flight
dynamics model ((6.26)) expressed in terms of time 7 as follows

dX(t;t) (X (7 1) =
dr - fpro](X(T’ D), X1 = Xo@), (7.19)

T E L, thickl, T = Erires

(1) (flre k)
Xo(tfirer) = [5’5‘”0( . )] (7.20)
pr0]O firek
where the initial conditions gr)om(t Fired)? T I”O]O(t Fired)’ ,in (7.20)

are computed by using (2.168), (2.173), respectively, as follows

1 I 1
;301 O( fire, k) ;[)(tfire,k) + Lmjggg(tfire,k)a (7.21)

where

, , —sin(By)(Ly + hry)
Pt fiver) = 10 pires) + | cos(Bp)(Ly + hry) |,
hy + hp, + hy,

7.22
[x(tfire,k)] ( )



rgz)é\(tfire,k) = ly(tfi’”e,k)"

0
(7.23)

; COS(aFC(tfire,k)) COS(eFC(tfire,k))

T tfires) = | sin@rc(tfires)) COS€rc(ifires)) |
Sin(eFC(tfire,k))
and

1 1 1

VE,,?OJ-,O(tfire,k) :vg_l)(tfire,k) + VED)(tfire,k)
:v(011)4 (tfire,k) + vg)(tfire,k)
(7.24)

vp cos(Bp + 1/2)
=| vy sin(By + 7/2) | + VoT 5 (tires)-
0

k=1,2,...,ns. It has been assumed that either the vehicle body
of the mobile ADS is moving forward at a constant speed ko and in
a straight line implying that dfB(t)/dt = 0, J; = J,», or that the
vehicle body is stationary implying that ky # O in (7.24).

14. The fire control problem FCA is defined as follows.
For each given intercept time 7 > O compute the parameters

—n, 1 = 1,2,3u, that is, the inertial angles of the FC vector and
the time-of-flight of the AA projectile,

arc(trirek) = Cig»  €rc(firex) = Coka
) (7.25)
Awfck = C3k = C3p

where

(™7 Or\



Liirek — ‘thitC.k — “tofC,ks \7.40)

such that the following holds. The AA projectile that is fired at
time ¢ > O will intercept the center of mass of the AAT at the

specified intercept time 7 > 0, that is,

(7.27)
I I
r ;r)o (thitcics Lfirek) = T g (ThitCA)-
d{ref(t)/dt :degun,ref(t)/dta (7.28)
Psi(t) = Psirer(t) as t— oo, (7.29)

where ng =m,. =4 I,,; = I,,,» are given positive real numbers

representing the minimum and maximum permissible times of
flight, respectively, and where —7/2 < €rcmin < €Fcmax < /2 are

given lower and upper bounds for the elevation angle of the FC
vector. The above computation is repeated in sequence for each
intercepttime r > 0, k = 1,2, ..., ny.

15.
At each time 7 > O the FC vector points ahead of the LOS vector

due to the finite time of flight 4,,rc .

The following should be noted with regard to fire control problem
FCA, (7.25)-(7.29).

1.
It has been implicitly assumed that fire control problem FCA has a

solution, that is, the sequence of values arc(?firex), arc(firei),
Aworci, k =1,2,...,ny, exist. However, for various reasons fire

control problem FCA may not have a solution.
2. For example, if an intercept point between the AA projectile
trajectory and the trajectory of the AAT at the specified intercept



time 7 > 0 does not exist then fire control problem FCA does not

have a solution for the given ¢ > 0.

For the case where the AA gun must engage a stationary target
lying on the (X, Y) plane, fire control problem FCA may have two
solutions. One solution represents a “low trajectory” and
corresponds to the minimum time of flight and is the desirable
solution. The other solution represents a “high trajectory” and
corresponds to a longer time of flight.

There is no closed-form expression available for

UM tiress) appearing in the equality constraint (7.27), in

ro j(LhitC.k

terms of the variables T, T, ¢3,k, (7.25), and other given

parameters (Chap. 6).

In the application of an iterative constrained minimization
algorithm to compute arc(fyirer), @rc(trirex), diofck, and solve

fire control problem FCA, it may happen that at some
intermediate iteration the computed values T, T,,, C3,, are

such that the AA projectile impacts the ground, (6.3), (6.4), before
the final time 7.« + 4:0rc k- In this case, the trajectory of the AA

projectile will be stopped at time Qc;j, (6.3).

Fire control problem FCA deals with the conceptual problem of
the AA projectile intercepting the center of mass of the AAT. Thus,
the following aspects are not taken into account.

a.
The fact that the AA projectile will practically first impact the

body of the AAT before reaching the center of mass.

b.
The geometric shape of the body of the AAT.

C.
Tha matarial nranartice nfthao hadxr aftha AAT and Aaftha AA
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projectile.

The above-mentioned points 64, 6b, are taken into account in
Chap. 8.

Assume that the sequence of values arc(yirer), arc(fire k),
Awopck, kK =1,2,...,ny, solve fire control problem FCA. Then, the

following sequence of values also solve fire control problem FCA

arc(trirer) £ 127, €pc(trirer)s Awrcis

7.
k=1,2,.,n5 i=0,1,2,.. (7.30)

If needed, constraints can be added to arc(Zyir.x) in order to

exclude periodic solutions, (7.30).

The following constraints limit the deviation of the inertial angles
of the FC vector from the inertial angles of the LOS vector at time
t > 0, and can be included in the formulation of fire control

problem FCA as follows
|aFC(tfire,k) - alos(tfire,k)l < €,
|eFC(tfire,k) - elos(tfire,k)l < &, (7.3 1)
k = 1, 2, ...,nf,

where the bounds €], € > 0, are chosen appropriately, for
example, (Xp,, Y., Zp.), (X, Yy, Zps).

The miss distance cos(d,) # O between the AA projectile fired at
time ¢ > 0, and the center of mass of the AAT at time

Lirek + AtofC,k; is given by ((7.27))

— 1D . ()
dmiss(tfire,k) —”rpmj(t + AtofC,ka t) - I‘mrg(l‘ + AtofC,k)”, PERSN



10.

11.

\/.02)

I = Tfireks k=1,2, ey If.

By using (7.32), the vector equality constraint (7.27) can be
replaced by an equivalent scalar equality constraint given by

d2 (tfire,k) = 0. (7.33)

miss

The following single equality constraint is equivalent to (7.33)
and also to (7.27),forall k = 1,2, ..., ny,

nf
Zd;%u'ss(tfire,k) = 0. (734)
k=1

It is possible to express the inertial angles of the FC vector as the
sum of the known inertial angles of the LOS vector and an
unknown lead azimuth angle @¢44(7 firex) and unknown lead

elevation angle ay.44(fire k), respectively, that must be
determined, as follows

arc(t) = aps(t) + Qseqa(?),

(7.35)
erc(t) = €ps(t) + €leaa(t), I = Tfireks
k=1,2,...,n¢. The angles 8;.44(!firex), Qiead(!firex),are referred

to as the lead angles of the FC vector. Thus, fire control problem
FCA is reformulated as follows. For each given intercept time
t > 0, compute the parameters 7,,, T,, ¢3,, determining the

variable values Qjeqq(fire ) = C1k, Qlead(t firek) = Cik,

Aworck = C%u,k' such that the constraints (7.27)-(7.29) are

satisfied. The following inequality constraints are equivalent to
(7.31), and can be added to the reformulated fire control problem
FCA as follows

Il At A\l —~ -~ I~ A+ Y



|Qead\t fire,k)l = €1s [|Slead\!fire.k)] = €2,

k=1,2,...n;. (7.36)

7.2 Fire Control Problem Formulation Using

Feasible Control

Feasible control was co-developed with Prof. Yaakov Yavin (1935-
2006) at the Laboratory for Decision and Control, Dept. of Electrical,
Electronic and Computer Engineering, University of Pretoria. Feasible
control circumvents certain difficulties that arise with optimal
control and related methods ([14, 15, 21, 37, 89, 96, 102, 143, 166]).
Feasible control facilitates the design of control strategies for linear
and nonlinear dynamic systems such that a wide range of practical
performance specifications and constraints are satisfied. Feasible
control has been applied to the following problems.

1. In [212] feasible control is applied in order to compute an open-
loop control strategy for the rudder of a super tanker ship such that
it maneuvers safely through constrained waters, in this case, a
narrow zigzag channel. The open loop control strategy is assumed
to be a piecewise constant or a piecewise linear function of time
and is parameterized by a finite number of parameters grouped in
a vector b. The feasible control problem consists of determining

the vector b such that a number of practical specifications and

constraints are satisfied. The specifications and constraints are
expressed as inequalities in the time domain, and there is no
objective function that must be minimized or maximized. Thus, the
emphasis of feasible control is on feasibility and not on optimality.
Given the complicated form of the hydrodynamic model of the
super tanker ship, and of the specifications and constraints that
have to be satisfied. If an approach based on optimal control is
attempted then application of the Pontryagin minimum principle
will result in a two-point-boundary-value-problem (TPBVP)
representing necessary conditions for an optimal control. In this



case, the TPBVP will have a very complicated form and be difficult
to solve numerically.

In [55, 56], feasible control is applied in order to compute the
vector b parameterizing a closed loop dynamic controller for a

linear model of an aerial vehicle such that a wide range of
specifications and constraints are satisfied. The dynamic controller
has the structure of a linear quadratic Gaussian (LQG) controller.
The vector b parameterizes the state weighting matrix and the

state noise covariance matrix of an auxiliary LQG control problem.
The linear model of the aerial vehicle is subject to random initial
conditions, while the addition of white state noise and white
measurement noise is considered in [56]. The constraints and
specifications are expressed as inequalities in the time domain, s-
domain, and frequency domain.

In [59] feasible control is applied in order to compute the vector b

parameterizing a portfolio control strategy for an insurance
company such that a range of specifications and constraints are
satisfied. A nonlinear discrete-time state space model of the
asset/liability structure is used. The state space model describes
the evolution over time of all the asset accounts and all the liability
accounts on the balance sheet of the insurance company, and
incorporates the effects of various types of financial transactions.

In [210, 211], feasible control is applied in order to compute the
vector b parameterizing open-loop control strategies for

mechanical systems, for example, a disk rolling on a stationary or
moving horizontal plane.

In this Section, the fire control problem is formulated using feasible
control as follows.

1. Asin fire control problem FCA, for each given intercept time ¢ > 0,

the parameters 7', T, 3, in (7.25) determining arc(?fire.r),



arc(tfirex), diofck, must be computed such that certain inequality
constraints are satisfied. For convenience, the parameters 7, T),,

C3u in (7.25) are grouped in a vector p, € R3 as follows

b = [Cri> Coks Causl’- (7.37)

The application of feasible control deals with the satisfaction of the
following inequality constraints.

Firstly, it is assumed that the equality constraint (7.33) must be
satisfied within an error tolerance p, € R"s, as follows,

0< d,%liss(tfire,k) < Emax- (7-38)

Secondly, it is required that a number of inequality constraints are
satisfied, as follows

Amin,i < gl(bk) < Amax,is I = 17 2’ «eos Neons (739)
where g; = gi(by) €R, i = 1,2,3,4,i=1,2,...,nc,. The
functions m represent practical performance specifications and

constraints, including, for example, the constraints (7.27)-(7.29),
(7.31).
. Define the function H as follows

Wk = Wo pens(d;%qiss(tfire,k)’ O’ emax)+
Ncon
(7.40)
Z Wi pens(gi, amin,ia amax,i)’
i=1
where the penalty weights y; € R, i =0, 1,2, ..., ncp,
W, = Wi(by) € R, and pen ; is a quadratic penalty function defined

as follows ([11, 30, 140, 164])



(7.41)

pens(-xa s Xmins xmax)

2 .
(xa - xmax) if Xa > Xmax
= O if .Xmln S xa S xmax 9
(xa xmzn) 1 Xa < Xmin

Xmin < Xmax,» Jp23, Xp,,, m; > 0. The function Jg > O for all

vectors p, € R3. Note that there is no closed-form expression

available for the miss distance cos(9,) # 0, (7.32), and generally
for the functions m, and thus for the function Hg, (7.40), in terms

of the vector b, and other given parameters.

The objective is to find a vector p, ¢ R3 such that the constraints,

(7.38), (7.39), are satisfied. The constraints (7.38), (7.39), are
satisfied if and only if the equation Jg > 0 is satisfied. Thus, a

vector p, € R3 is feasible if and only if it satisfies the equation

Jg > 0, that is,

G 1= Q. (7.42)

Equation (7.42) may have more than one solution, that is, a feasible
vector by is not necessarily unique.

. A formulation of the fire control problem using feasible control is
as follows. Compute a vector p, ¢ R3 such that the Eq. (7.42) is

satisfied. Given an initial guess for the vector p, ¢ R3, an iterative

minimization algorithm is applied in order to gradually reduce H

to zero in double precision ([11, 30, 140, 149, 164]).



If a vector by is obtained such that Eq. (7.42) is satisfied then by is
feasible. By applying (7.25) feasible variable values arc(f i),
arc(tfire), diofck, are obtained. The above procedure is repeated
in order to compute a feasible vector b, for each intercept time
>0, k=1,2,...,ns The question of existence and uniqueness of

solutions to the equation Js3 > 0 is beyond the scope of existing

works on feasible control ([55, 56, 59, 212]).

7.3 Air Defence System Deployment and

Attacking Aerial Target Engagement Scenario

The deployment of the mobile ADS is shown in Fig. 7.2. It is assumed
that the defended location is fixed at the origin O; of the inertial co-

ordinate system (X, Y, Z) with unit vectors (I, I, I3).
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Fig. 7.2 Schematic of the deployment of the mobile ADS and the attacking aerial target; the

defended location is at the origin O,

The mobile ADS is at a distance € from the origin O; and at an

angle ¢, relative to the X axis.! The projection of the trajectory of the

AAT onto the (X, Y) plane is also shown in Fig. 7.2.
In order to simplify the computations the following assumptions

and methods are employed.
1.

It is assumed that the AAT is moving in a straight line, at a constant

height and at a constant velocity.

As stated earlier in this Chapter, the vehicle body of the mobile ADS
is assumed to be either completely stationary or moving forward in

a straight line and at a constant speed.
3. The values of the position vectors r(ollx(t)' r

()
targ

(1), are specified at

the first given intercept time, that is, at time ¢ = #;,c; = 0, (7.8),



I 1
and are denoted as follows ’”(Ol)ﬁx(fhiz c1) = ,,(0 1)4(0),

()

1
Foro(thisC,1) = Tigrg(0)-

Based on the assumed motion trajectories of the mobile ADS and
the AAT it follows that ’"(olix (r) and ’"gz )rg(,) can be computed for any

t € T by using forward in time extrapolation if # > 0, and

backward in time extrapolation if 7 > 0.

In the case of the mobile ADS the position vector rgz(()) is given by

(Fig. 7.2)

r) (0) =rg cos(8)I; + ro sin(6o) I, (7.43)
where

ro = 1995 m, 6y = 195 mils. (7.44)

The position vector rg)(O) is computed by using ,,(011)4(0) and (7.22).

The vehicle body of the mobile ADS is moving forward in a straight
line at a constant speed ky, and the inertial velocity rg)(O) is given by

((7.24))

vy cos(By, + 1/2)
Vgi(t) = v(OIL = |vpsin(By +7/2)|, tE€TF. (7.45)
0

If the vehicle body is actually stationary throughout the engagement of
the AAT then ky # 0 m/s implying that ‘,(0111 | (7.45). Thus, the



initial velocity of the AA projectile ) ;. ) isobtained by using
pr()]O firek

(7.45), (7.24).
The inertial position vector "gi\(f) is given by

rD @ = Do)+ re Tk (7.46)

For any computed firing time 7 > 0, (7.9), the position vector

7D (tf k) is obtained by using (7.46) as follows

1 1 1
r(Ol;(tfire,k) = "(OL(O) + V(OL Lrireho k=1,2,..,nf. (7.47)

Thus, the initial position of the AA projectile ()

is obtained
proj O(If”’ k)

by using (7.47), (7.21)-(7.23).
In the case of the AAT the position vector ”gz )rg(()) is given by

mrg(O) = 10€1rg *+ T0,1arg€iarg + Niargd3, (7.48)
where 7( 4, = 3500 m, /1,4, = 301 m. The AAT is flying towards the
defended location in a straight line, at constant altitude Xp,, and ata
constant speed ¢3,. The inertial velocity of the center of mass of the

AAT is given by

(1) (1) —
mrg(t) targ - _Vtargetarg’

7.49
Crarg = COS(Qtarg)Il + Sln(etarg)IZ, S TF’ ( )

where V4 = 251 m/s, 0,4, = 800 mils = /4 rad. The inertial

position of the center of mass of the AAT 51) (1) is given by
arg

(7.50)



0= o)y+v?P . teTh.

tang larg targ
For any computed firing time 7 > 0, (7.9), the position vector

rD (1) is obtained by using (7.50) as follows
pr0]x

I
gazf'g(l-fll"e k) = rtarg(()) + v[arg tfll"e ko

7.51
k=1,2,..,n; (7:51)

7.4 Computational Results for Fire Control
Problem FCA: Vehicle Body of Mobile ADS is

Completely Stationary

The vehicle body of the mobile ADS is completely stationary throughout
the engagement of the AAT implying that ((7.24))

=0 = VW)= v @) = 05, 1€Tr. (7.52)

The following numerical data is used in the computations.

1.
The angle p; of the mobile ADS is given by

By = —m/2. (7.53)

The initial and final times are given by
to = triret = —dwpct, triv = 20 s, (7.54)
where /1; > a must be computed. The computations below yield
Aiorcy = 5.99701 s.
3. The sequence of intercept times is equally spaced and is given by

thick = (k — Ddpic, k=1,2,..,np =101,

A.. - — N & .. - . — N .. —_ ft____ — M -

(7.55)



4 hitC — V.4 D, LhitC,1 — VY thitCng — LFIN — &Y 5 -

Thus, the set of specified intercept times (in seconds) is given by

{thilC,k’ k = 1727 ET) nf — 101}

={0,0.2,0.4, ..., 19.6, 19.8, 20}. (7.56)

A fourth order Runge-Kutta algorithm is used in order to solve
numerically the point mass flight dynamics model of the AA
projectile with a fixed time-step

Asim = 0.01 s (7.57)
on the set of times ((6.59))
Etirejo Lrirek + Asims -oor thisck), kK =1,2,...,ny. (7.58)

where firek = thirck — diofcik-

" The bounds used in the constraints (7.28)-(7.29) are as follows

Atomein = 10_4 S, Atomeax = 10 s,

ercmin = —451/180,  €rcmax = 807/180. (7.59)

" For each k, a constrained minimization algorithm implemented by
the MATLAB Optimization Toolbox function fmincon ([111]) is
employed in order to compute the three variables T',,, T,, C3.x,

(7.25), such that the three equations (7.27) are satisfied subject to
the constraints (7.28)-(7.29). Each of the three equations (7.27) is
satisfied within a specified absolute error tolerance of 1()~¢. The

function fmincon requires the user to specify a cost function, J.,

. In this case the cost function is specified as a fixed value, J.,;; = 0.
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Fig. 7.5 Plot of the inertial elevation angle of the FC vector g Fc(fire k) » (x), the inertial
elevation angle of the LOS vector (A f) =11, (0), and the inertial elevation angle of the
projectile velocity vector € proj(thitCis Lfire ) » ( -), versus the intercept time ¢ > (),

k=1,2,..,n¢: vehicle body of mobile ADS is stationary
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k=1,2,..., ny: vehicle body of mobile ADS is stationary

With reference to the computational results presented in Figs. 7.3,
7.4,7.5,7.6,7.7,7.8,7.9,7.10 and 7.11, note the following.

1

The results are plotted versus the discrete intercept times 7 > 0,

k=1,2,..,n,(7.55), on the horizontal axis in Figs. 7.4, 7.5, 7.6,

7.7,

7.8,7.9,7.10 and 7.11. Variables that are indicated as being

functions of the firing time 7 > 0O are also plotted versus the

discrete intercept times r > 0, k = 1,2, ..., ny.

2. It can be seen from Fig. 7.5 that the inertial elevation angle of the
velocity vector of the AA projectile at the intercept time with the



CM of the AAT, ¢t > 0, is positive forall k = 1,2, ..., ny,

eproj(thitC,k; tfire,k) > 07 k = 1, 2, ey g (760)

In this work it will be assumed throughout that condition (7.60)
holds. Thus, engagement scenarios where €, ;(fhisc s ¢ firer) < 0

are not considered, that is, scenarios where the AA projectile at the
intercept time 7 > 0 is moving parallel to or falling towards the

(X, Y) plane.

. . . (I) . .
The minimum distance || r) (thirc)ll 18 1157.1 m and occurs at time

thick = 15.4 s. This particular AAT position is known as the closest

point of approach (CPA).

The intercept speed of the AA projectile is given by

||V(I) ‘

orojLhitC.k> Lpire ol (7.61)

The relative intercept speed of the AA projectile is defined as
follows

I I
||V§,r)0 (thisc e fired) = Vga)rg(thitc,k)”- (7.62)
Figure 7.3 shows plots of the AA projectile trajectories intercepting
the center of mass of the AAT for the following selection of intercept
times 1 > 0, k = 1,3,5,...,ny = 101. The projection of the trajectory of

the AAT onto the (X, Y) plane is also shown, as well as part of a circle
with center the origin O; and with radius €.

As shown in Fig. 7.4, the inertial azimuth angle of the FC vector is
always larger than the inertial azimuth angle of the LOS vector at the
firing time ¢ > 0, see also Fig. 7.10. The above is true for the case of the



inertial elevation angles, except when the AAT is moving away from the
mobile ADS, see Figs. 7.5, 7.11 and 7.6.

The maximum intercept speed, (7.61), is 922.3 m/s and occurs at
time #;cx = 15.4 s (see Fig. 7.9), that is, at the CPA. The maximum

relative intercept speed, (7.62), is 1032.7 m/s and occurs at time
thirck = 12.4 s (see Fig. 7.9).

7.5 Computational Results for Fire Control
Problem FCA: Vehicle Body of Mobile ADS is
Moving in a Straight Line at Constant Speed

In this case the vehicle body of the mobile ADS is moving forward in a
straight line at constant speed k( throughout the engagement of the

AAT. If the following parameter values are assumed ((7.24))
v = 20 m/s, B,=-n/2, (7.63)

then it follows that

20
V() = vor() = | 0| mys, 1€TE (7.64)
0

The computational results are presented in Figs. 7.12,7.13, 7.14, 7.15,
7.16,7.17,7.18,7.19 and 7.20. In this case 4;,rc;1 = 5.99701 s, (7.54).

The CPA is 1354.0 m and occurs at time #;cx = 12.4 s, see Fig. 7.17.

In Fig. 7.12, the AA projectile trajectory intercepts the center of
mass of the AAT at each given intercept time ¢ > 0, while the inertial

position of the muzzle of the AA gun during the motion of the mobile
ADS is also depicted, for k = 1, 3,5, ...,ny = 101.

As shown in Fig. 7.19 the lead azimuth angle @j.44(ffire ) is in this

case larger than the case where the mobile ADS is stationary (see Fig.



7.10) due to the forward motion of the mobile ADS at a constant speed
and in a straight line that is parallel to 93.
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k=1,2,..,n¢: vehicle body of mobile ADS is moving
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The maximum intercept speed, (7.61), is 870.9 m/s and occurs at
time #;,cr = 14 s (see Fig. 7.18), that is, close to the CPA. The

maximum relative intercept speed, (7.62), is 995 m/s and occurs at
time #;cx = 12.4 s (see Fig. 7.18). The intercept speed and relative

intercept speed values are lower than the corresponding values for the
case of the stationary mobile ADS. The main reason is that the mobile
ADS is moving parallel to 03, and after some point is effectively moving

away from the AAT.



Footnotes

1 In practice, there will be several mobile ADSs deployed and suitably positioned in order to
jointly engage one or more AATS.
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8. Computation of the Impact Point of
the AA Projectile on the Body of the
Attacking Aerial Target

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter deals with the computation of the impact point of the AA
projectile on the body of the AAT as follows.

1.
The geometry of the three-dimensional body of the AAT is given in

Fig. 8.1. A body reference frame B, is defined with origin fixed at

the center of mass of the AAT.

A computational method is presented for computing the impact
point of the AA projectile on the body of the AAT relative to the
origin of the body reference frame By, and expressed in By,,.

8.1 Geometry of the Attacking Aerial Target

In this work the AAT is assumed to have the geometry shown in
Fig. 8.1. The body of the AAT consists of a half-sphere of radius p;

mounted on a cylinder of length L; and radius ps, —mygL, cos({), ps,


https://doi.org/10.1007/978-3-030-55498-9_8

T,,, Ls> > 0. The surfaces of the half-sphere and cylinder are closed.

The longitudinal axis of the AAT coincides with the longitudinal axis of
the cylinder.
It is assumed that there is a body reference frame By, and an

associated co-ordinate system -7 I3 Yp, ., = 7/4 with unit vectors
hy >a = n/4 y; € R and with origin fixed at the center of mass of the

AAT (Fig. 8.1).
It is assumed that the CM lies on the longitudinal axis of the AAT
and that the (X, axis points forward and coincides with the

longitudinal axis of the AAT. The Xp,,, axis is perpendicular to the
(Xp,, axis and is parallel to the inertial (X, Y) plane during level flight.

The (Xp,, axis points up and is perpendicular to the (X3,,,, Y3,,,)

plane.

Direction of Flight of Attacking Aerial Target

B

LaZ

A
/
3

Y

Side - View Front - View

Fig. 8.1 Schematic of attacking aerial target

The AA projectile impacts the body of the AAT if it enters the space
occupied by the half-sphere or the space occupied by the cylinder.! The



above-mentioned spaces are sets of position vectors [x, yo,20]"

defined relative to the origin of the body reference frame B, and

expressed in By,,¢, as follows

Vs ={[x0, Y0, 201" € R ¢ x5 + 25 + (yo — La1)* < b7,

8.1
Ly <yo £ La1 + by}, (8.1)

04 = arctan2 (L.sin(d,), L,sin(d,) + L.cos(d,)), (8.2)

The sets T, and chl have common elements, that is, the disk shaped

surface on the right part of the half-sphere coincides with the disk
shaped surface on the left part of the cylinder (Fig. 8.1). It follows that
the set V;,5 NV, is not empty.

The sets T, and chl are defined by inequalities, (8.1), (8.2). By
using penalty functions, the sets 7, and V., can each be defined by a

single equality as follows

Vis = {[x0,0.20]7 € R? 1 Cpsl(x0, Y0, 20) = 0}, (8.3)

Che = Pen,(\[ X3+ + (o — La)%.0.by)

(8.4)

+ pen,(yo, La1, La1 + 1),
Vo = {[x0, 50,2017 € R : Coyi(x0, Y0, 20) = O}, (8.5)
Ccyl — Pena( x(2) + Z(z)’ O’ bl) + pena(yo’ _La2’ Lal), (86)

where pen , is an absolute value penalty functiongiven by ([11, 30, 140,

164])
(8.7)



Xb — Xmax if Xb > Xmax
Pena(xb, Xmins xmax) = 0 if Xmin < Xb < Xmax
Xmin — Xb if Xp < Xmin

Xmin < Xmax> Bi, Jp23, Xmax € R.In the sequel the impact of the AA

projectile on the body of the AAT will be described by using the set
Bi4rg given by

Viarg ={[x0, Y0, 201" € R ¢ [x0,¥0, 201" € Vs 0F [X0,Y0, 201" € Vieyi}

—Vhs U chl- (88)
By using (8.3)—(8.7) the set By, is equivalently defined as follows
Viarg ={[x0, Y0, 20] ' € R’ : Chs(Xx0,0,20) =0 or (8.9)

Ceyi(x0,¥0,20) = 0J.

Attacking aerial targets can have a more complicated geometry and
incorporate, for example, wings, tail planes, fins, canards, etc. The set
B,4r¢ for such AATs can be defined in a manner analogous to that given

above.

8.2 Inertial Trajectory of the Attacking Aerial
Target

The following assumptions are applicable with regard to the inertial
trajectory of the AAT.

1. The inertial trajectory of the center of mass of the AAT, ,,51) (1), 8s
arg

well as the Euler angles and Euler angular rates are specified as
follows

(1) (t) d2 (1 (Z)

targ targ

dt drr

Fiaro(1), teTr. (8.10)



SUtarg(t)’ @targ(t)a étarg(t)a Sbtarg(t)a @targ(t)’ @targ(t)a S 7WF- (8'11)

The dynamic model of the AAT and the feedback control law
required to produce the specified motion of the AAT, (8.10), (8.11),
are not considered in this work.

" The rotation matrix from the inertial reference frame I to the body
reference frame B, of the AAT is given by (Appendix A)

RI2erg = Ry(gptarg)RX(@targ)RZ( Ttarg),

(8.12)
RBtargZI - REBtarg :

" Consider the AAT motion trajectory presented in Chap. 7. The AAT
is flying towards the defended location in a straight line, without
rolling or pitching, at constant altitude Xp,, and at a constant

speed c3, (Fig. 7.2). Thus, it follows that the inertial velocity

vector of the center of mass of the AAT is parallel to Jg ) and is
targ

given by ((7.49))

() —
v[arg(t) - _vtargetarga

. (8.13)
Crarg = Cos(gtarg)ll + Sln(gtarg)l%t €TF.

The above implies that the inertial azimuth angle of the velocity
vector is @y, = 7 + 0444, and that the Euler azimuth angle of the

body reference frame B, is constant and is given by

SUtarg = 7T+9,arg_7r/2 = Qtarg+7r/2, Sbtarg = 0, tETF(814)

All the other Euler angles and Euler angular rates are zero ((8.11)).
. It follows that the associated rotation matrix is given by ((8.12),
Appendix A)

Rpg,, = Rz(VPiarg), Rp00 = RITZBWg, te€Tr.  (8.15)



8.3 Computation of the Impact Point of the AA
Projectile on the Body of the Attacking Aerial
Target

The computational results for fire control problem FCA are employed
for the case of a completely stationary vehicle body of the mobile ADS
as obtained in Chap. 7. Thus, for each given intercept time of the AA
projectile with the CM of the AAT, ¢ > 0, the following have been

computed for k = 1,2,...,ny.

1.
The inertial azimuth and elevation angles of the FC vector

arc(tfirex), arc(firei)-
The time of flight of the AA projectile to the CM of the AAT, 4, ¢c k-
The firing time of the AA projectile is thus iy x = thick — diofck-

In Chap. 7 the geometry of the body of the AAT is ignored. Thus, the
AA projectile that is fired at time ¢ > 0, travels over the time

interval
Trrx = [trireks thirckl, (8.16)

until intercept with the CM of the AAT at time 7 > 0.

In this Chapter the geometry of the body of the AAT is taken into
account. Thus, the AA projectile will actually impact the body of the
AAT at some time f;,7 slightly before the intercept time with the

CM, t >0, and ThitT k € TFL,k-



The position vector of the AA projectile fired at time ¢ > O relative

to the CM of the AAT at time t is given by

rel(t tfll”e ) = r ( tfll"e k) - rtarg(t) t S TFL,k’ (8.17)

proj

where ;. (t t ) is obtained by solving the point mass flight
pr0] firek

dynamics model of the AA projectile (7.19). The vector r(l)l(r tfires) is
rel "> "Jire,
expressed in the body reference frame By, as follows ((8.12))

(Brarg) I
ro (G irer) = RI2Bm,gr§e)l(t; trirek)s 1 € TFLk- (8.18)

In order to simplify the presentation, ¢ > O is replaced by k and the

superscript sy > a is suppressed, as follows

(B arg)
rrel(lL k) I‘ 8 (t tflrek)

rrel(ta k) —[rrelx(ta k)’ rrely(ta k)’ rrelz(t; k)]Ta r e TFL,k-

The AA projectile impacts the body of the AAT at time #;;7x implying

(8.19)

that 7e/(thier ks k) € Viarg, (8.9). Thus, the impact point of the AA
projectile on the body of the AAT is 7,./(ti7.k; k).

In order to accurately compute the impact time and the impact
point of the AA projectile on the body of the AAT the following
approach is applied. Consider a sphere with radius ko and with center

fixed to the CM of the AAT. This sphere completely encloses the AAT and
is referred to as the target bounding sphere (TBS). It follows that k

must be larger than the radius of the sphere that just encloses the body
of the AAT. The space of the TBS is defined by the following set

= Kinematic Model of the Vehicle System: (8.20)



The set Vyps is equivalently defined as follows

Vres = {[x0,Y0,20]" € R : Crps(x0,y0.20) = O}, (8.21)

where

Crps = pen,( \/x(z) +y5 + 25,0, co). (8.22)

As soon as the incoming AA projectile enters the space of the TBS then
a much smaller time-step 4 i, is used in the numerical computation of

the trajectory of the AA projectile and of the AAT,
Afp = Ollxl- (823)

In this manner the final approach of the AA projectile towards the AAT
is computed more accurately thus leading to a more accurate
computation of the impact time and the impact point of the AA
projectile on the body of the AAT. If the values of the time-steps 4,

A fine, are decreased and the value of the TBS radius Ky is increased

then this will generally result in a more accurate computation of the
impact time and impact point. However, a longer computation time will
be required.

The details of the computational procedure are as follows.

1. A suitable numerical integration algorithm(for example, a fourth
order Runge-Kutta algorithm) with a fixed time-step 4, is

applied in order to compute all variables of interest at discrete
times in the set 7 compx given by ((6.59))

7wcomp,k = {ta,k,la ta,k,2a ooy ta,k,Ncl’k}
(8.24)
= {tfire,k, Ifirek + Agims «oes thitC,k},

where Nejx = Nei(Tcompi), Nier(x,) denotes the number of

elements in the set B;,and 7,k 1, a2, ---» tak,N,,, are used as



auxiliary variables.

In particular, the computations are performed as follows. Consider
the time interval 7 comp i defined by the ith consecutive pair of

times in 7 compi, (8.24),

Teompii = (akis takivil, 1= 1,2, Nepg— 1. (8.25)
At the end of each time interval 7 compiri, i = 1,2,..., Neix — 1, and
having computed p(f)) = pso and other variables of interest at
time Yp,,,., the numerical integration algorithm programmatically

calls a suitable algorithm (in this case, an advanced regula
falsi based algorithm implemented in the MATLAB function
odezero, [32, 110, 120]) in order to find the first time 7 € T comp i

where [, t] is an element of the set Vzgs, (8.21),

rrel(t; k) € Vrpy =

CTBS (rrelx(t; k)7 rrely(t; k)7 rrelz(t; k)) = 0. (826)

. If such a time t can be found then the intercept time of the AA
projectile with the TBS is q(¢) € Py. The same numerical

integration algorithm using a fixed time-step 4, is applied in
order to compute all variables of interest from the time 7',,I3 to
the specified intercept time ¢ > O at discrete times in the set

T rBs x given by ((6.59))

T1Bsk = ok 1> tok2s s TokNep )5 (8.27)
= {t7BS j» ITBS k + A fines -+ thitC,k}s '



where Nk = Noo(Trps i), and ok 1, tak2s - lakN.  are used as

auxiliary variables.

In particular, the computations are performed as follows. Consider
the time interval 7 7ps «,; defined by the ith consecutive pair of

times in TTBS,k, (8.27),

TrBski = ki oiv1]l, 1=1,2,., Ny —1. (8.28)
At the end of each time interval 775k, i = 1,2,...,Nojx— 1,and
having computed p(t)) = pso and other variables of interest at
time Yp,,,., the numerical integration algorithm programmatically

calls a suitable algorithm (in this case, an advanced regula
falsi based algorithm implemented in the MATLAB function
odezero,[32, 110, 120]) in order to find the first time 7 € T 7ps 1.

where [#fi.., t] is an element of the set By, (8.9),

rrel(t; k) S Vtarg =

Chs(Freix(t; k), rrely(t; k), Frei(t; k)) =0 or

Ccyl(rrelx(t; k), rrely(t; k), rrelz(t; k)) = 0. (829)
5. If such a time t can be found then the following holds.
a.
The impact time of the AA projectile with the body of the AAT
is Jmp3 > 0.
b

" The impact point of the AA projectile on the body of the AAT is
Fret(thirt i3 K).

c. The traiectories of the AA nroiectile and of the AAT are stonned
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at time ;1.

In summary, a numerical integration algorithm with a fixed time-
step is used to compute the motion trajectories of the AA projectile and
the AAT. Furthermore, the numerical integration algorithm
programmatically calls at the end of each time-step ((8.25), (8.28)) a
suitable algorithm ([120]) in order to firstly detect the impact of the AA
projectile with the TBS, (8.26), and thereafter to compute the impact
time and impact point of the AA projectile on the body of the AAT,
(8.29).

8.4 Vulnerability Model of the Attacking Aerial
Target

In this work it is assumed that if one AA projectile impacts any point on
the body of the AAT then the AA projectile detonates and the AAT is
destroyed.

Advanced vulnerability models of AATs include additional
refinements and features. For example, one refinement is to divide the
body of the AAT into a number of compartments. Each given
compartment contains particular types of systems and requires a
specified minimum number of AA projectile impacts before it is
destroyed. The complete AAT is destroyed if given combinations of
compartments are destroyed ([40]).

Another feature of advanced vulnerability models is the possibility
of taking into account the material properties of the body of the AAT
and of the AA projectile. For example, some vulnerability models
consider the detonation and fragmentation of the AA projectile and the
subsequent fragment motion and impact with systems located inside
the AAT ([40]).

8.5 Computational Results

The numerical solution of fire control problem FCA for the case of a
completely stationary vehicle body of the mobile ADS is employed
(Sect. 7.4). Some of the relevant data is repeated here for convenience.



The initial and final times are given by
to = tfiren = —dwrci, triv = 20 s, (8.30)
The sequence of intercept times, (7.7), is equally spaced and is given by

thirck = (k— Ddpic,  k=1,2,...,np =101,

(8.31)
Ahic =0.2 s, thisct =0, thiicn, = triv =20 s
Thus, the set of specified intercept times (in seconds) is given by
{th'C,ka k=1,2,...nr=101} =
' ! (8.32)

{0,0.2,04, ...,19.6, 19.8, 20}.

A fourth order Runge-Kutta algorithm is used in order to solve
numerically the point mass flight dynamics model of the AA projectile
with a fixed time-step

Asim = 0.01 s. (8.33)

For each specified intercept time 7 > 0, the time of flight 4,,7c has
been computed, implying that the firing time is 7firex = fniick — diofcks
k = 1,2, ...,I’lf = 101.

In addition, the inertial azimuth and elevation angles of the FC
vector have been computed, arc(firer), arc(firek),

k=1,2,..,ny = 101. The dimensions of the AAT are b; = 0.15 m,
La=175m, L,y =175m, L, =L, + L, = 3.6 m. The radius of the
TBSis ky # 0 m, and the finer fixed time-step used within the TBS is

Afine = 10—+ s. Hereafter, the following notations are used.

1. thirck — thirr i is the difference between the specified intercept time

of the AA projectile with the CM of the AAT and the impact time of
the AA projectile with the body of the AAT.



2

17 e1(2nisT 15 k)| is the distance from the CM of the AAT to the impact

point of the AA projectile on the body of the AAT.

The computed results are analyzed with respect to the following

main cases. Firstly, the case where the AAT is furthest away from the
mobile ADS and secondly, the case where the AAT is closest to the
mobile ADS.

When the AAT is furthest from the mobile ADS, that is, for k =1,

dp(1)/dt, ||,,§1) (tnic o)l ~ 4000 m, then the following can be seen from

Figs. 8.2, 8.3, 8.4, 8.5, 8.6 and 8.7.

1.

The maximum value of (#;;,cx — fhirT 1) is approximately 1.5 ms,

occurs at k = 1,and dp(t)/dt s, ||r§1) (thic0)ll = 4000 m, see Fig.

8.2.
The maximum value of ||7.;(#4i7.k; k)| is 0.9 m, occurs at k = 1,

and dp(¢)/dt s, ||"g)s(thitc,k)|| ~ 4000 m, see Fig. 8.3.

The AA projectile impacts the body of the AAT on the left side and
towards the front of the cylindrical section, see Figs. 8.4, 8.5, 8.6
and 8.7.

The velocity vector of the AA projectile on impact with the body of
the AAT is almost horizontal having a small positive inertial
elevation angle, see Figs. 8.6 and 8.7.

When the AAT is in the vicinity of the closest point of approach to

the mobile ADS, that is, for L, > 0, tjcx = 15.4 s,



IIrE(ﬂ(tmc,k)ll ~ 1157.1 m (Chap. 7), then the following can be seen from

Figs. 8.2, 8.3, 8.4, 8.5, 8.6 and 8.7.

1.
The minimum value of (#,;;cx — thirrx) is 0.159 ms, occurs at

Ly > 0,and tyck = 154 s, ||rgl(thitc,k)” ~ 1157.1 m, see Fig. 8.2,

The minimum value of ||7;(ni;7 x5 ©)|| is 0.15 m, occurs at L, > 0,

and ty;cx = 154 s, ”rg)s(thitC,k)” ~ 1157.1 I, see Fig. 8.3.

The AA projectile impacts the body of the AAT on the left side and
at a point that is quite close to the CM of the AAT, see Figs. 8.4, 8.5,
8.6 and 8.7.

The velocity vector of the AA projectile on impact with the body of
the AAT has a visibly greater inertial elevation angle than the case
above, see Figs. 8.6 and 8.7.
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Fig. 8.7 Plot of the co-ordinates k, = 2k, versus r,, (t; k) of the trajectory of the AA
projectile just before impact with the body of the AAT, 7 € [r7ps s, thi1i] > aS Observed when
looking in the direction of the positive (X, axis, for k= 1,6, 11, ..., ny: vehicle body of

mobile ADS is stationary

Footnotes

1 Also referred to as the space of the half-sphere or the space of the cylinder.
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9. Computation of the Probability that
the AA Projectile Will Impact the Body
of the Attacking Aerial Target

Constantinos Frangos'
(1) Electrical Engineer working in Decision and Control, Pretoria,
South Africa

This Chapter deals with the computation of the probability that the AA
projectile will impact the body of the AAT as follows.

1.
Derivation of the stochastic model describing the dispersion of the

AA projectiles fired by the AA gun.

Computation of the probability that the AA projectile fired at time
t > 0 will impact any point on the body of the AAT, P .

The vulnerability model of the AAT assumes that if one or more AA
projectiles impact the body of the AAT then the AAT is destroyed
(Chap. 8). Thus, if one AA projectile is fired then the probability of
destroying the AAT is Py ([40, 108, 142]).

Computation of the probability that a burst of N, AA projectiles

will destroy the AAT, and the accumulative probability that a burst
of N, AA projectiles will destroy the AAT.

5. Averification method is applied in order to verify the


https://doi.org/10.1007/978-3-030-55498-9_9

computational method used to obtain P71 .

Y
M
@
)| SEEEEEEEEETSEE e e e
Ll icr *\B
0, I X X

1

Fig. 9.1 Schematic of the mobile air defence system

9.1 Stochastic Model of the Dispersion of the
AA Projectiles Fired by the AA Gun

The stochastic model describing the dispersion of the AA projectiles
fired by the AA gun is derived by using the following assumptions and
methods.

1. The computational results as obtained in Chap. 7 for fire control
problem FCA for the case of a completely stationary vehicle body



of the mobile ADS (Fig. 9.1) are employed. Thus, for each given
intercept time of the AA projectile with the CM of the AAT, ¢ > 0,

the following quantities have been computed for k = 1,2, ..., ny.

a.
The inertial azimuth and elevation angles of the FC vector

arc(k) = apc(tirer), arc(k) = apc(tfirex)-
b.
The time of flight of the AA projectile to the CM of the AAT,
Aiofck-
C.
The firing time of the AA projectile is thus
Lrirex = thisck — AiofCi

In Chap. 7 the geometry of the AAT body has been ignored. The AA
projectile that is fired at time 7 > O travels over the time interval

[¢fire k> thirck] until intercept with the CM of the AAT at time 7 > 0

In Chap. 8, the geometry of the body of the AAT is taken into
account. Thus, the AA projectile will actually impact the body of
the AAT at some time f;7x slightly before the intercept time with

theCM, ¢ > 0.

In this Chapter, the geometry of the body of the AAT is also
taken into account. However, due to the fact that the initial
velocity of the AA projectile is a random vector, the AA projectile
will either miss the AAT or it will impact the body of the AAT. In
the latter case, there may be a possibility that the impact time will
be a little greater than ¢ > (. Thus, the trajectory of the AA

projectile is computed over an extended time horizon
[ fire s thisck + Aal, dps/dt.

Consider the AA projectile that is fired at time # > 0. If there are



no disturbances acting on the AA projectile at the firing time then
the generic firing velocity vector of the AA projectile V;Bﬂ(t Firek)

is parallel to J g, and is given by ((6.10))

V(PB7)(tfire,k) = VOJB7 = [O’ VOa O]Ta

(9.1)
Vg)(tfire,k) = VOJgg(tfire,k)-

Conceptually, the generic firing velocity vector of the AA projectile
,,5337)(; Firek) points from the muzzle of the AA gun (point M in Fig.

9.1) outwards. In the sequel, point M is alternatively referred to as
the muzzle M of the AA gun.

Let €y(?firek), Xmax € R, be continuous random variables

denoting the azimuth and elevation error angles applicable to the
AA projectile that is fired at time 7 > 0. In order to simplify the

presentation, the following notation is used
Euk = Eyltrire)s Eox = €olrirer), k=1,2,...n7. (9.2)
In addition, define the random vector B; as follows
& = IZZI k=1,..,n;. (9.3)
It is assumed that the sequence of random vectors B;,
k=1,2,...,ns,are stochastically independent and identically
distributed (IID) with the random vector & = [g,, &¢] .

The joint probability density function (PDF) of the random vector
€ is specified as follows

(9.4)



Jer 1, 32) = feV1,32) = fepeo(V1,2)s ¥ = [y, 21" € R?,
k=1,..,np, 0<o0(gy), o(gp) < 00,

where 0(x,) denotes the standard deviation of the random
variable B;. The standard deviations of ny, ko, are bounded, (9.4),
implying that the second moments of ny, ko, are bounded. In

many practical applications the sample values or realizations of
the random vector B; will be physically constrained to a bounded

set B() C R2, and fsd,,gg(Yh)’z) > O, Yy € BO’ fsl/,,sg(ylay2) > 01

yEB().

The motion trajectory of the AA projectile fired at time 7 > 0

depends on the initial conditions. The initial conditions of the AA
projectile depend partly on the realization of the random vector
B; denoted by h;, > a,

er(wy) = lgw’k(wk)] , (9.5)

where T'; denotes some element of the sample space ), of the

random vector B;, and Q,, = R? (Chap. 4, [2], Chap. 2, [19, 67,

90,97, 98, 135, 161, 165, 173, 184]).! Note that in the case of T

the convention of using bold letters to denote vector and matrix
quantities is not applied.
The azimuth and elevation error angles, Jp,, T,,, are used to

represent the effect of random disturbances on the generic firing
velocity vector of the AA projectile VEDB?)(Z firex) 38 follows.



a. Rotate the body reference frame of the AA gun, Bs, about the

Zp, axis through the azimuth error angle J ..

Rotate the resulting reference frame 3'7 about the Xjp, axis

through the elevation error angle 7, , thus leading to a
reference frame Qcj, with unit vectors (Ip,,., q1(t), N rpmax.
The origin of the reference frame Qc; is fixed at the muzzle M

of the AA gun (Fig. 9.1).

Thus, if there are disturbances acting on the AA projectile
then the generic firing velocity vector is no longer parallel to
the Zp, axis of the AA gun reference frame Bs, and thus no

longer parallel to the longitudinal axis of the AA gun.

The generic firing velocity vector of the AA projectile is now
parallel to the Y, axis of reference frame Qc; and is given

by
V;Berr)(tﬂre’k) = VoJs,, = [0, Vo, 0] . (9.6)

The rotation matrix from the body reference frame Bs of the AA

gun to the reference frame Qc; is given by (Appendix A)

Ry, = Rx(egx)Rz(eys), Rp,,o8, = Rpop . (9.7)

It follows that the generic firing velocity vector of the AA
projectile expressed in reference frame Bs is given by

[ — cos(&gx) sin(ew,k)]
wBDre N Z D . T.  — VN oancala Nanale A raon



Vp  \lfirek) — INBey2B7VO0d Bop — YO VWUD\EGL)CUD\SY k) |- \I.0)
sin(&qx)

The generic firing velocity v;Bﬂ(t Firek) expressed in the inertial

reference frame is given by ((6.10))

i B
Vg;)(tfire,k) = RB72[V§, 7)(tfire,k),
Rpor = Rpoi(@pc(k), erc(k)).

If the azimuth and elevation error angles are zero, gy = ggx = 0,

(9.9)

then reference frame (Jc; is parallel to the body reference frame

B5, and

B err
VOt fires) = V2 tires) = [0, Vo, 017, (9.10)

10.
Since the generic firing velocity vg)(t Firek)’ (9.9), is a function of

the random vector B;, it follows from (6.11), that the initial
velocity of the AA projectile is a function of the random vector B;.

11. Hence, the point mass flight dynamics model of the AA projectile,
(7.19), is subject to random initial conditions that are a function
of the random vector B; ([34, 127, 128, 165]), and is given by

dX(t;1) _ _ . 1) =
— = Soroj(X(130),  X(#;0) = Xo(t, &), (9.11)

TE[L, thiick +dal, T = trires

Py

(flre k> gk)
XO(tfire,ka &) = [5]}30]0

(9.12)
proj, ()(tftre ks Sk)

In the literature, (9.11) is referred to as a random differential
nnnnn +inAn er/l 197 19Q 1ﬁE]\ Av ao a nriyrmtn AAaftAarrminioctin



12.
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system ([67, 165]). The initial conditions (I(I) J(I) K(I))

(1(1) J(I) Kg)), (9.12), are computed as follows.
5

The initial position ([(1) JU) Kg)) is computed from (7.21)-(7.
5

23) and is given by

;,Ir)ojo(tfzre k> 8k) = I‘( )(t) + L J(])(t) I = tflre ks (9.13)
where
. . —sin(Bp)(Ly + hry)

rDay = rD) + | cos(B)(Ly + hry) |,

hy + hr, + hy,, .
x(1) '
(I) (Z) = y(t) s T = Ifire s
0
cos(arc(?)) cos(erc(r))

Jg (0 = |sin(@rc(r) cos(erc(®) |, 1 = tfires- (9.15)

sin(erc(1))
Based on the assumptions in Sect. 9.1, the random vector B;

affects the initial velocity ( 1(1 ) JU) K4 )) but does not affect the

intitial position. Thus, the initial position (I;') Jg) (1)) is
5’ 5

actually not a function of B; ((9.13)-(9.15)).

The initial velocitv () 1) g\ is computed from (7.24) and



13.

14.

15.

Y \pos J o> Bp) i

(9.8)-(9.9), and is given by
(9.16)

E,Ir)o joltfireks €k) =)t fires) + Vi )(t firek)
=V (tirek) + Vi (tfires)
vy COS(Bp + 1/2)
= vy sin(By, + 7/2) | + V't fire)
0
=Dt firer)

(B7)
=Rp ) Pt fire k)

— cos(&gx) Sin(gy )
o firess €) = RporVo| cos(egy) cos(ey) |- (9.17)
sin(egx)

( )
Y proj

It has been assumed above that the vehicle body of the mobile
ADS is stationary implying that dp(t)/dt =0, Jg = Jg, ko # 0

(Fig. 9.1).

It follows from (9.17), (9.9), (9.13), (9.12), that each element of
the initial conditions #;;cx — thi .k is a smooth and bounded

function of trigonometric functions of the elements of the random
vector B;. Thus, by using (9.4), it follows that the second moment

and hence standard deviation of each element of the initial
conditions fxjcx — thirTk is bounded.

Using the same approach as in [34], and given k, consider a
realization /;, > a, (9.5). Then it follows that the point mass flight

dynamics model is subject to deterministic initial conditions that
are a function of /7, > a ((9.11)-(9.12), and [34, 128, 165]), and is



given by

dx,(T31) . L
T - fproj(xa)k(Ta t)), xwk(ta t) - xa)k,()(t)a (9.18)
TE L, thuck +dal, T = trirek
xwk,O(tfire,k) :XO(Zfire ks gk(wk)) (919)

1
[P0 pires 86(w1)
- 1

Vo0 pireds €K@ |

This work deals with the case where the initial value
problem (9.18) has a unique solution X, (7; ;.. x) that satisfies

the following equation ([34, 119, 128, 165])

xa)k(T; H = xwk,O(t)+f fproj(xwk(S; N)ds,

TE 1, thick +dal, = Frirex

(9.20)

16. Furthermore, this work deals with the case where the point mass
flight dynamics model subject to random initial conditions, (9.11),
(9.12), has a unique mean square solution X(7;7s;.x) that

satisfies the following equation ([34, 127, 128, 165])?

T

X7 trirer) = Xo(tfirex> €k) + S proj(X (85 trires))ds,
tfire,k (92 1)

T € [tfire k> thivck + Aal,

where X(7;7sirx) is a function of B;, (9.21) ([165]),

(T fzre k> Sk)

X(T; tfire,k) = X(T; tfire,ka gk) %7[)0]
(T tfzre ks € k)

P”OJ

} (9.22)

and where for each T';, (9.5), the realization of the random

process X(T; sk, &) is equal to the deterministic motion



17.

18.

19.

trajectory of the AA projectile (9.20), that is,
X(7; 1, er(wr) = X, (150, TE L, thick + dal,
(9.23)
I = Ifirek-
For each k and for each time 7 € [ffire k. thirck + 4al,

X(7; tfire x> €k) is a random vector in R that is a function of the

random vector B;, (9.22) ([165]). However, there is no closed-
form expressionavailable for the random vector X(7;ire . €)
nor for its joint PDF, in terms of 7, # > 0, B; and other given

parameters.

The second moment and thus standard deviation of each element
of the random vector X(7; .., &), is bounded ([34, 128, 165])

O-(XI(T; tfire,k, 8]()) < OO, l = 17 27 ceey 63 (9 24)
for all 7 € [trireks thirck + dal. '

A fixed time «; is added to the specified intercept time ¢ > 0. The

value of « is chosen by taking the following into account.

a.
It is assumed that for any given realization /;, > a, the AA

projectile will either miss the AAT, or it will impact the body
of the AAT within the time interval [?firek, fhiick + 4al. Thus,

it is assumed that the probability that the AA projectile will
impact the body of the AAT after the time #;cx + 44 is O.

In order to reduce computation time, and considering the
relative speed of the AA projectile and the engagement



scenario used in Chaps. 7 and 8, it was found that
0 <4y < dipfck

9.1.1 Remarks on Applications of Stochastic Optimal
Control

The formulation and numerical solution of problems dealing with the
stochastic optimal controland state estimation of nonlinear dynamic
systems subject to random initial conditions, white state noise and
white measurement noise, and subject to complicated performance
requirements, control constraints and state constraints, are presented
in [52, 97,98, 187-209].

Stochastic optimal control problems involve the numerical solution
of the Hamilton-Jacobi-Bellman (HJB) partial differential equation
(PDE) for the optimal objective function and optimal feedback control
function on a discretized set or grid in Bs (where k,,, number of state

variables in the dynamic model of the system). The HJB PDE represents
sufficient conditions for the optimal objective function and optimal
feedback control function ([52, 97, 98]).

The HJB PDE is discretized by using a unique numerical
approximation method developed by Prof. Harold J. Kushner, Division of
Applied Mathematics, Brown University, USA ([97, 98]). Convergence of
the above-mentioned numerical approximations is proved via the
probabilistic methods of weak convergence theory ([98]).

If each state variable is discretized into 7y values then the grid in Bs

consists of a total of p; points. Taking into account the boundary

conditions, this results in a potentially large number (somewhat less
than py) of nonlinear equations that have to be solved iteratively for an

equal number of unknowns representing the values of the optimal
objective function on the grid. Thus, a potentially large scale scientific
computing problem must be solved (for example, u =21, v =6, k=1,

k =1, ete).



The numerical solution of the HJB PDE yields approximations of the
optimal objective function and the optimal feedback control function or
strategy on the chosen grid in Bs. Practically, the computed optimal

feedback control strategy is difficult to implement.

Prof. Yavin developed a methodology whereby the above-mentioned
computational framework is applied in order to systematically evaluate
the performance of a given feedback control strategy relative to the
optimal feedback control strategy for all initial conditions of the system
on the chosen grid in Bs (for advanced applications see the research

monographs [192, 193]).

Assume that the given feedback control strategy has been
determined by some method, for example, based on
experience/knowledge of the system, and that it is relatively
straightforward to implement. An approximation of the suboptimal
objective function for the given feedback control strategy is computed
by solving the relevant functional PDE on the same grid in Bs (using

the above-mentioned numerical approximation method).

If the computed suboptimal objective function is sufficiently close to
the optimal objective function (as defined by a suitable measure) then
the given feedback control strategy is a candidate for controlling the
system. In some cases the suboptimal objective function is very close or
almost identical to the optimal objective function.

The research collaboration with Prof. Yavin in this field includes the
following applications.

1.
Optimal feedback control strategies and parameter selection for an

electromagnetic actuator ([200]).

Optimal and suboptimal feedback guidance and control strategies
for a projectile ([201, 202, 206]).

3. Optimal and suboptimal feedback control strategies for
manufacturing systems consisting of networks of finite capacity
buffers, flexible manufacturing systems (FMSs), dedicated
manufacturing machines, assembly machines, and finite capacity
inventories ([203-205, 209]). The manufacturing systems are

mnAdallad hir 11einad nantiniiniic timao MNMarlAayr rhaine Tha Aantimal
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objective function and the optimal feedback control strategy are
obtained by solving a H]B differential difference type equation

([20D).

Optimal and suboptimal feedback control strategies for a nonlinear
discrete-time stochastic state space model of a manufacturing
system ([57]). The optimal objective function and optimal feedback
control strategy are obtained by solving the Bellman dynamic
programming equation ([17, 100, 163]).

9.2 Computation of the Probability that the AA
Projectile Will Impact the Body of the
Attacking Aerial Target, P;7

A methodology is presented for computing the probability that the AA
projectile will impact the body of the attacking aerial target, Pp;;r, for

any given intercept time 1 > 0, k = 1,2,...,n,.

Direction of Flight of Attacking Aerial Target

-
-t

La2

— [
-} L L

Side - View Front - View

Fig. 9.2 Schematic of attacking aerial target



Consider the AA projectile that is fired at time # > 0. The variables

given below are formally defined for time t in the continuous interval
Trrk = [trireks thirck + dal. (9.25)
The position vector of the AA projectile relative to the CM of the AAT at

time t is given by ((9.22))

A

rel(t tflre k> 8k) = I‘ (t tflre k> Sk) - I"mrg(f) S 7dFL,k- (926)

PFOJ
This vector is expressed in the body reference frame B, as follows

((8.12))

(B arg) 1
rell ¢ (t tfzre ks Sk) RIZB,a,grf,e)l(t; tfire,ka Sk), re TFL,k- (927)

In order to simplify the presentation, # > O is replaced by k and the

superscript sy > a is suppressed as follows

(Brarg)
rrel(t k 8k) I" t ¢ (t tflreka 8k)

rrel(ta ka 8k) —[rrelx(ta k7 Sk)’ rrely(ta ka Sk), rrelz(t; k7 Sk)]T’ (928)
t e TFL,k-

For a given realization 4, > a, (9.5), the computational procedure given

in Sect. 8.3 is applied by taking the following into account.

1.
All the relevant variables are computed at discrete times in the

following set ((6.59))

Zomp,k = {tfire,ka tfire,k + Asim’ ooy thitC,ka

(9.29)
thitCk + Asimy - thitck + Aa}-

2. If the AA projectile impacts the TBS then all the relevant variables
are computed at discrete times in the following set ((6.59))

Tresk = {tTBS o ITBS k + Afines s thisck + Aal- (9.30)



3.
The AA projectile either impacts the body of the AAT or it does not

impact the body of the AAT as follows.

a.
The AA projectile impacts the body of the AAT if it impacts the

TBS and thereafter impacts the body of the AAT.

The AA projectile does not impact the body of the AAT if it does
not impact the TBS or if it impacts the TBS and thereafter does
not impact the body of the AAT.

Thus, the methods in Sect. 8.3 are used together with (9.29), (9.30),
in order to determine if and at what point the AA projectile will impact
the body of the AAT. In order to compute the probability that the AA
projectile will impact the body of the AAT the following approach is
applied.

Define the set Jp;7x as follows

Jnire = Jnir (&) = {t € (tpirep> thisck +dal :

9.31
rrel(t; ka Sk) S Vtarg}- ( )

Thus, if the AA projectile does not impact the body of the AAT then
Jnirx = 0 while if it does impact the body of the AAT then Jj;rx = 0.1t

has been assumed above that the probability that the AA projectile will
impact the body of the AAT after the time #;cx + 44 is O.

Define the impact time of the AA projectile with the body of the AAT,
thie k., as follows ([98, 161, 184])

inf Jpiri(er) i Jpirp(er) # 0

) . .32
00 it Jpiri(&r) =0 (9:32)

thietk = thirk(Ek) = {

The stopping time 7’5, I5 is defined as follows ([98])
(9.33)



Lsiopk = tsiopi(€x) = min(fpisck + Aas thirr k(Ek))-
Given a realization /;, > a, (9.5). The resulting realizations of the

random quantities in (9.31)-(9.33) are described as follows.

1.
If the AA projectile impacts the body of the AAT then the set

Jnir i (Ex(wy)) is not empty otherwise it is empty.

If the AA projectile impacts the body of the AAT then i = 1,2,3,4
is the first time 7 € (tfire > thicck + Aal that 1. (t; k, Ex(wi)) € Vigrg.
The time i = 1,2,3,4 is computed by using the methods

presented in Sect. 8.3.

If the AA projectile does not impact the body of the AAT then the
stopping time is 7,y (Ex(Wk)) = thick + 4q4. If the AA projectile

does impact the body of the AAT then the stopping time is
tstop,k(gk(wk)) =1 = 17 2’ 3’ 4. At the stopping time tstop,k(gk(wk)),

the motion trajectories of the AA projectile and the AAT are
stopped.

If the AA projectile impacts the body of the AAT then A
(Esiopi(Er(wr)); k, &(wi)) s(thig). If the AA projectile does not

impact the body of the AAT then A1 (Zs0px(Ex(Wi)); k, Ex(wi))
S(ThisG).
For a given k, 7ei/(5i0p k(€x); k, &) is a random vector in R3 thatis a

function of the random vector B;. However, there is no closed-form



expression available for r,.(fy,p x(&k); k, &) nor for its joint PDF, in
terms of B; and other given parameters.

Define the function Ind as follows ([161, 165, 184])

1 1if rrel(tstop,k(y); ka y) € Vtarg
0 if l’rel(fsmp,k(y); k,y) ¢ Vtarg ’ (934)
y = [yl,yz]T € Rz, k=1,2, ey £

Ind = Ind (k,yl’y2) = {

Define the following set ((9.34)),
Ye = 04><1 = 5v:5v:5v:0’ C'l’s:C.i’s:O,

It is assumed that the set = /4 represents a solid region in R3

(9.35)

without any openings or holes ([105]). Chapter 8 deals with the case
where there are no disturbances acting on the AA projectile, that is, the
azimuth and elevation error angles are always zero, & = 0,4 for all

k =1,2,...,ny. For this case, the AA projectile impacts the body of the
AAT, thatis, Ind (k;0,0) = 1,(9.34),forall k = 1,2,...,ns. It follows
that the point 0, € Anax, (9.35), k=1,2,..., ng.

By using (9.4), (9.31)-(9.34), (9.35), the probability that the AA
projectile fired at time 7 > 0 will impact the body of the AAT is equal to

the expected value of the function Ind, (9.34), as follows ([2, 67, 83,
161,171, 184])
(9.36)



PhitT,k = Prob (rrel(tstop,k(gk); k, Sk) € Vtarg)
=E (Ind (k; Ey ks £6,k))

— f f 2 Ind (k; y1, y2) fe, V1, y2)dy1dy,
R

:ffz Ind (k; y1,y2) fe(y1, y2)dy1dy»
R

:ffz Ind (k;YI,yz)fs¢,89(YI,YZ)dYIdy2
R

= ff f8¢,89(y19y2)dy1dy27
Alnd k

= Phir = f Jeyeo(V15 Y2)dy1dys, (9.37)
Alnd k

where E( B;) denotes the expected value of the random variable B;.In
(9.36), the variables ky and ko are associated with the random
variables n, and ko, and represent the azimuth and elevation error
angles, respectively. Thus, the units of ky and kj are radians (rad).

Based on the vulnerability model of the AAT (Chap. 8), if one or
more AA projectiles impact any point on the body of the AAT then the
AAT is destroyed. Thus, if one AA projectile is fired then the probability
of destroying the AAT, also referred to as the kill probability ([40]), is
given by

Pring = Phirt k- (9.38)
There are no closed-form expressionsavailable for Pjr, Ind, Ts 15,
thit k, Jnirrx and = /4 in terms of B; and other given parameters.
Thus, the probability Pj;rx cannot be computed directly by using

(9.37). The approach used in this work is to first find a bounding set



g1 (1) that is a subset of R3 and that includes all the elements of the set

=n/4,(9.35), as follows

Amax C Do(k), Dok) = Apax Y (Do(k) — Ana),

9.39
Ana g N (Do(k) — Appax) = 0, (5.39)

where (Do(k) — Ajuax) denotes the set of all the elements in gy (¢) that

are not in = m/4. It follows from (9.34)-(9.35), (9.39), that

Ind (k;y1,y2) =1 it 'y € Apaks
Ind (k;y1,y2) =0 if y € (Do(k) — Amnai)s (9.40)
Ind (k; y1,y2) =0 if y ¢ Do(k).

In this work, the bounding set ¢y (?) is assumed to be a box or

rectangle centered at the origin. By using ¢,;(¢) and (9.34)-(9.40), the

probability Pk is computed as follows

f f Ind (k3 1, ¥2) feye6(01, y2)dyr1dy>
Do (k)

_ f f Ind (ks Y1, 2) fiyey V15 y2)dy1 ot
Alnd k

f f Ind (k3 y1, Y2) fey.e6(015 ¥2)dY1dy2
Do (k)= Ak

(9.41)



:ff Ind (k5 1, ¥2) fe.e6(V1, Y2)dy1dy2 + 0
Alnd k

= f f6¢,890}17y2)dy1dy2
ﬂlnd,k

=Pnist s

= Phirk = ff Ind (k; y1, ¥2) fey.e6(V15 Y2)dy1dya. (9.42)
Do(k)

In the following Sections, computational methods NM1 and NM2 are
presented for computing increasingly tighter bounding sets D(k) and

D (k), respectively, for the set = /4. The sets D(k) and D (k) are
used separately in the place of ¢,(f) as domains of integration in the

numerical computation of the double integralin (9.42), thus yielding
approximations of the probability Pp;r in each case.

9.3 Computational Method NM1 for the
Computation of P71y

Computational method NM1 computes Pp;rx and is summarized as

follows.

1.
Given the intercept time ¢ > 0, that is, given k.

2. Let @ (this) denote the line-of-intercept (LOI) vector, that is,

projx

the inertial vector pointing from the hinge point H of the AA gun
at time 7 > 0 (Fig. 9.1) to the center of mass of the AAT at time

t > 0, and given by
(9.43)



i i I
r (L())I(thitc,k) =r Ea)rg(thitc,k) —r 51)(1 Fire)-

In the case considered here, the vehicle body of the ADS is
completely stationary implying that rg)(t firek) = rg,)(tmt cr) Thus,
in this case, the LOI vector equals the LOS vector at time ¢ > 0,

! I

For each k, an appropriate bounding set D(k) for the set = /4,
(9.35), is computed,
ﬂ]l’ld,k - D(k)7 k - 1a 2, ceey nf’ (944)

Note that the basic assumption, (7.60), applies throughout. The
set D(k) is used as domain of integration for the double integral

in (9.42).
The bounding set D(k) has a rectangular shape as follows

D(k) = {[y,y2]" €R*: il < Yimk> V2l < Vomah  (9.45)
where the bounds D(k), D(k), are computed such that (9.44)
holds. In this work the bounds in (9.45) are computed as follows

)i
Yime = arctan2 (d, I (tucl),

(9.46)
Yami = arctan2 (dy, [F) (thc)lD),

where p; is the radius of a sphere with center fixed to the CM of

the AAT. This sphere is referred to as the integration limits
bounding sphere (ILBS). The radius p; is selected such that the

ILBS is somewhat larger than the sphere that just encloses the
AAT. It was found that for the AAT considered here, the resulting
bounding set D(k) satisfies (9.44) (see computational results).



Thus, by using (9.44), (9.42), the probability Q4¢, (9.36), is given

by

Phisr e = f f Jeye0V1, y2)dy1dy,
ﬂ[nd,k

(9.47)
:ff Ind (k; y1, y2) fey 06015 y2)dy1dys.
D(k)

In principle, a suitable numerical integration algorithm, for
example, adaptive quadrature ([43, 72,92, 110]), can be applied
in order to compute the double integral in (9.47). However, in the
numerical computation of the double integral it was found that
the direct computation of the function arg(x; + j.y;) for any

given y = [y1,y»]" leads to a lengthy total computation time. The

computation time is substantially reduced by pre-computing and
storing the function arg(x; + j.y) for all vectors y = [y, y,]"

that belong to a discretized version of the set D(k).

The bounding set D(k) is discretized into a set j = 1,2 as follows

Doia(k) ={[y1, 21" €R* 1y = i1 41y, i = 0, 1,2, ..., +ny,

ya =idog, 12 =0, %1, £2, ..., £n5}, (9.48)
where
Aip = ylm,k’ My = y2m,k,
”‘ 1o (9.49)

Nset(Dgrid(k)) = Nir = (2np +1)(2ny + 1),
and where (2n; + 1) and (2n; + 1) are the specified number of

discretization points for the intervals [~y Vimi] and

- Rl



10.

|=Y1mk> Yimkl, respectively.

Thus, for each vector y = [y, y,]" in the discrete set j = 1,2, the
function value z = Ind (k;y1,y2), (9.34), is computed by using the
methods presented in Sect. 8.3. The pair of values Zp,,) is stored

in the set B; as follows

B(k) ={(z,y) : z= Ind (k;y1,y2),

9.50
y = [ylay2]T € Dgrid(k)}. ( )

Forany y = [y, y2]" € D(k), the function value arg(x; + j.yi) in

(9.47) is computed by applying two-dimensional linear
interpolation using the values stored in the set B;(k), (9.50) ([43,

110]).

Let C;(k) denote the subset of j = 1,2 for which the function

Ind is equalto 1,

Ci(k) = {[y1,y21" € Dgyia(k) : Ind (k;y1,y2) = 1}, (9.51)
The ratio of the number of points in the set C(k) to the total

number of points EM;, es = { — {,.r, expressed as a

percentage, is as follows

N, (Ci(k
hmix = G0 100%. (9.52)

Ntor

The slender cylindrical-type shape of the AAT versus the spherical
shape and size of the enclosing ILBS leads to the following. The
function Ind , (9.34), is equal to 1 for a small fraction of the



points in the discrete set j = 1,2, and is equal to O for the

majority of the points in j = 1, 2. The result is that a low value is

obtained for 03 = 0. This problem is addressed by computational

method NM2.

9.4 Computational Method NM2 for the
Computation of Pp; 7

Computational method NM2 computes Pp;rx by employing the results

of computational method NM1 and is summarized as follows.

1.
Compute the minimum and maximum values of the kj element and

of the ko element of all the vectors y = [y, y2]" € Ci(k),

Ximink =inf{x, € R : the vector [x,,y,]" € Ci(k), y» € R}, (9.53)
Ximaxk =sup{x, € R: the vector [x,,y,]" € Ci(k), y» € R}, (9.54)
Ximink =inf{x, € R : the vector [x,,y,]" € Ci(k), y» € R}, (9.55)
Ximaxk =Sup{x, € R : the vector [x,,y,]" € Ci(k), y, € R}, (9.56)

2. The symmetrical bounds D(k) and D(k) on the variables k( and kg

, respectively, are obtained as follows

Vimk = Ximk + 81414k X 1imik = MaxX(X1minkls [ X1max.kl)s (9.57)

Vimk = Ximk + 81414ks X 1imik = MaxX(X1minkls [ X1max.kl)s (9.58)



where (), 5(¢), are as obtained by using computational method
NM1, (9.49), and py, h, > a are integers used to set the bounds on

the variables ko and ko, (9.59). The bounding set D (k) is given by

V= (Lycos(B) + Lesin(B))B + acos(B + 63)as = 0, (9.59)
The integers p;, hp, > a are chosen such that a part of the region in

R3 where Ind (k;y;,y2) = 0 is included in the bounding set D (k)

.It follows that the set D (k) has generally tighter bounds on the

variables ky and k than the bounding set D(k), and that

Amar C Dek), k=1,2,..,n;. (9.60)

. Thus, by using (9.60), (9.42), the probability Qa¢, (9.36), is given
by

Phist i = f f JeyeoV1:y2)dy1dy)
Alnd k

(9.61)
:ff Ind (k3 y1,Y2) fey.e6(V15 Y2)dY1dy2.
D r(k)

. The number of discretization points (2n;; + 1) and (2n;4 + 1) for
the intervals [—Yimk> Yimil and [=Yimi Yimkl, respectively, are

computed as follows

(2nyx + 1) = number2odd ( ceil (A/n0r/70.4)), (9.62)
(2n1 4 + 1) = number2odd ( ceil (rox(2ny + 1))), (9.63)

where n,,, is the total number of discretization points that was



originally specified for numerical method NM1,
_ Vimk (9.64)
ceil @ is given by (5.50), and

X, if x, 1s an odd integer > 0O

number2odd (x,) = {xa +1 if x,1s an even integer > 0 (9.65)

" Theset D reria(k) is the discretized version of the bounding set

D (k) as follows

D tgria(k) ={[y1,y2]T € R* 1 yy = i1dyy, iy = 0,1, %2,

s EN g, Y2 = Aok, 12 =0, 1,22, ., 094, (9.66)
where
A = ylmk, Uyy = y2mk,
Lk Mok (9.67)

Nyer(Drgria(k)) = niprpe = Cnip+ 1)2nog + 1) = nygy,
and where (2n;; + 1) is obtained from (9.62),and (2n;; + 1) is
obtained from (9.63).
" Thus, for each vector y = [y1,y2]" in the discrete set D gia(k),

(9.66), the function value z = Ind (k;y;,y>), (9.34), is computed by
using the methods presented in Sect. 8.3. The pair of values Zp ) is

stored in the set Y , as follows

Br(k) = {(z,y): z= Ind (k;y1,¥2), ¥ = [V1,)2]" € Dygria(k)}.(9.68)
. Forany y = [y;,y2]" € D(k), the function value arg(x; + j.y1) in

(9 A1) iec eomniited hv annlving twn-dimencinnal linear
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interpolation using the values stored in the set Qg,413 ([43, 110]).

Let Gy (k) denote the subset of D,iq(k) for which the function

Ind isequalto 1,

Cri(k) = {[y1,y2]" € Dygria(k) : Ind (k3y1,y2) = 1}.  (9.69)
The ratio of the number of points in the set G (k) to the total

number of points ¢ € R" Ny (D r,,iq(k)), expressed as a

percentage, is as follows

Ner(Cr1(k))
hnvox = In fkl X 100%. (9.70)
tot,

9.5 Probability of Destroying the AAT for the
Case Where a Burst of AA Projectiles is Fired

Assume that a burst of N, AA projectiles is fired instantaneously
against the AAT at time 7 > 0. The probability that i out of N, AA

projectiles will impact the body of the AAT is computed for
Ind (k;0,0) = 1, using the following assumptions and methods.

1. Ateachof p predefined times #y., j,, v = 1,2, ...,np, the AA gun

fires a burst of IV, AA projectiles instantaneously where the index

jv € Tburst,

Tburst = {jla j2a cees jno} - {19 27 3, ceesy nf}a Nset(Tburst) = I’l()(97]_)



At times Zfire j,, Jv € Thursi, the AA gun does not fire any AA

projectiles.

" Itis further assumed that the N » AA projectiles fired in a burst at
time 7., j, are stochastically independent, and that the probability

that any given AA projectile will impact the body of the AAT is the
same, thatis, L. >0, v=1,2,...,n0, (9.37).

" Let H s denote the number of AA projectiles that impact the body
of the AAT out of the burst of N, projectiles fired at time ;. ;,,
v=1,2,...,n9. Then, it follows that the random variable H has a
binomialprobability mass function (PMF) given by
Prob (Y, = i) =C; " (Pyirr j,)'(1 = Phirr.;,)""™",

. (9.72)
1=0,1,2,..,N,, v=12,..n,

where

N,!
Np _ p _
C," = AN, — i) 1=0,1,2,...,N,. (9.73)

" The probability of destroying the AAT for the case where a burst of
N, AA projectiles is fired at time 7. j, is given by

Np
PBkill,jv = Prob (Y]v > 1) = Z Prob (Yv = l), (9 74)
i=1 '

y = 1, 2, «eey 1.
. The discrete random variable H takes on the following
consecutive integer values, 0, 1,2, ..., N,, foreach v = 1,2, ..., ny.

Let P(Y;) denote the whole PMF of the random variable H, and



let P(Y; ;i) denote the probability that L, > 0, as follows ((9.72))

P(Y;) = PMF of Y;, v=1,2,..,n, (9.75)
P(Y;;i) = Prob(Y; =i), i=0,1,2,...N,,
(9.76)
Vv = 1, 2, eees 110
6.
It is convenient to represent each PMF P(Y;), v=1,2,...,np,as a
row vector in R!*X@Vp+D) as follows
P(Y;,) = [P(Y;,;0), P(Y;; 1), P(Y;,;2),..., P(Y;;Np)]I,
(9.77)
v=1,2,..., np.
7.

It follows from the above that the sequence of random variables
H, v=1,2,...,n, are stochastically independent but not

identically distributed (pp. 122-125, [136, 139]). In addition, the
random variable H is stochastically independent with respect to

the sum of the previous (Xp,, random variables,

Y; +Y,+...+Y;  (pp.122-125,[136, 139]).

9.6 Accumulative Probability of Destroying
the AAT for the Case Where a Burst of AA
Projectiles is Fired

Given that the AA gun fires a burst of /N, projectiles at each time
Lire.j,» V= 1,2, ..., ng, starting with EM,, . Intuitively, the probability

of destroying the AAT after v bursts of /V, AA projectiles each have



been fired, should increase or accumulate as the index v increases,
v =1,2,...,n¢. This probability is called the accumulative probability

of destroying the AAT and is computed by using the following
assumptions and methods.

1.
Let £, be a random variable denoting the sum total of the AA

projectiles that have impacted the body of the AAT after v bursts of

N, AA projectiles each have been fired, as follows

4
B, = > Y. v=12..m, (9.78)
i=1
where thitck = 14.

The discrete random variable =, takes on the following
consecutive integer values 0, 1, 2, .., vN,,, for each k,,, > 1,.., p;.
Since v bursts of N, AA projectiles each have been fired, it follows

that the maximum possible value of %, is VN,,.

Let /;, > a denote the whole PMF of the random variable =, and

let P(Z} ;1) denote the probability that u = 21, as follows
M1,13 = M13,1 = my Sil’l(,B + )/) SiH(()Lg, (9.79)

P(Z,:i) = Prob(&Z; =i), i=0,1,..,vN,,
g / P (9.80)

4, Itis convenient to represent each PMF h;, > a, v=1,2,...,np,asa

row vector in R XONp+1) g5 follows ((9.80))



(9.81)
P(Ejv) = [P(Ejy; 0), P(Ejy; D), P(Ejy; 2), ..., P(EjV;VNp)]a
y = 1, 2, «eey 1.
The method used to compute each PMF h, > a, v=1,2,...,ng,is

given below.

. By using the facts given in point 7, Sect. 9.5, it can be shown (pp.
122-125,[136, 139]) that since the sequence of random variables
Y7, thircx = 12.4, are stochastically independent, the PMF of =, is

the convolution of the individual PMFs, ay,s(?), thick = 12.4, as
follows

(9.82)
Vv = 1, 2, .y N,
where P(Z;)) = P(Y;), P(Y;,) € RIXWNp+1) (9.77),
P(Z},) € RIXONp+D (9.81), v = 1,2, ...,n9, and where —T,, I3

denotes the convolution of two finite row vectors x, ¢ R and

x; € R, and (x; * x,) € RXtu+m-1 ([136, 139]).

- Practically, (9.82) is implemented by applying the following
recursive equation (point 7, Sect. 9.5)

P(Z;) = P(Y;,) «P(&;, ), P(&;)=P;),

v=2,3,..., no. (9.83)

. Thus, the accumulative probability of destroying the AAT after v

bursts of IV, AA projectiles each have been fired, is given by

VNn VNn



P, = Prob (5;, > 1) = Z Prob (5, = i) = Z P(Z,;1), (9.84)
p i=1 )

V= 1, 2, weey 1.

9.7 Computational Results

The numerical solution of fire control problem FCA for the case of a

completely stationary vehicle body of the mobile ADS is employed

(Sect. 7.4). Some of the relevant data is repeated here for convenience.
The initial and final times are given by

to = trire1 = —dwrc1, triv = 20 s, (9.85)
The sequence of intercept times is equally spaced and is given by

thick = (k= DApic, k=1,2,...,np =101,

(9.86)
Apic =028, thict =0, thiscn, = triv =20 s

Thus, the set of specified intercept times (in seconds) is given by

{thicck, k=1,2,...,n7 = {0,0.2,04,...,19.6,19.8,20}.  (9.87)

For each specified intercept time 7 > 0, the time of flight 4,,7c has
been computed implying that the firing time is #firex = thisck — diofci,
k=1,2,..,ny = 101.In addition, the inertial azimuth and elevation
angles of the FC vector have been computed, arc(Zfirer), arc(t fire),
k=1,2,..,ny = 101. A fourth order Runge-Kutta algorithm is used in

order to solve numerically the point mass flight dynamics model of the
AA projectile, with a fixed time-step

Asm = 0.01 s. (9.88)

The dimensions of the AAT are given in Sect. 8.5 and are repeated here
for convenience. The dimensions of the AAT are b; = 0.15 m,



Ly=175m, L,; =1.75m, L, =L, + L, = 3.6 m (Fig. 9.2). In this
case, the radius of the TBS is ky # O m, the finer fixed time-step used

within the TBSis A, = 107* s,and 4, = 0.05 s.

It is assumed that the azimuth and elevation error angles are
stochastically independent and that they each have a Gaussian PDF as
follows ([136, 139])

x(1), y(t), B@), x(D), 3(¢), B©), ¥(1), $(©), B, t € Tp.  (9.89)

Je, 1) = N, o), feo(02) = N(yas iz, 02), (9.90)

where

61):5\):51):0, ds:0:>1820,18:18b’ (9.91)

w = E(g) =0, o0, = o(gy) = 107 rad, (9.92)

NW; py, 07) = exp(—(w — i,,)°/202). (9.93)
202

w

The double integrals in computational methods NM1 and NM2 are
computed numerically by applying the MATLAB functions db Lquad,
quadgk that implement adaptive quadrature using the Gauss-Kronrod
rules (see for example [92]), with an absolute error tolerance of 108

([110]). Hereafter, the above-mentioned algorithm is referred to as the
AQUADGK algorithm.
In addition, the following data and parameter values are employed.

1. The probability that the AA projectile will impact the body of the
AAT, Py, is computed for every fourth value of the time index k,

thatis, k € 7 ,.4 as follows

(9.94)



Trea = 11,5,9,13,...,93,97,ns},  Nyet((Trea) = 26.

The associated set of intercept times ¢ > 0 (in seconds) is given by

{thisc ks k € Treat =10,0.8, 1.6, ..., 18.4,19.2, 20}. (9.95)

" The radius of the ILBS is d; = 2.2 m.

" For computational method NM1, the number of discretization
points for the variables ky and ko are 2n; + 1 = 151 and

2n; + 1 = 151, respectively. Thus, the total number of points in the
set j=1,2is ny = 2ny + 1)(2ny + 1) = 22801.

The integers used in computational method NM2 are A, > a,

hb > a.
" The number of AA projectiles fired in each burstis N, = 15.

" Aburstof N » AA projectiles is fired instantaneously at each time

t > 0 with index p = 05« given by

Tours = {J1s 25 J7b = {1,17,33,49,65, 81, 101},

(9.96)
Nset(Tburst) =ny = 7.

The associated set of intercept times ¢ > 0 (in seconds) is given by

{thisc ks k € Tourstt = {0,3.2,6.4,9.6,12.8,16,20}.  (9.97)



A plot of the LOS distance | ,.51) (thirco)|| VETSus 7 > 0 is shown in Fig.
N ’

9.3. Most of the results are plotted against the intercept time # > 0 and

some are also plotted against the LOS distance || z,. - )||-

los

The probability that the AA projectile will impact the body of the
AAT, Pt x, is computed by using computational method NM2. Note

that computational method NM2 employs the results of computational
method NM1.

The computed values are given in Table 9.1, and plotted versus
t > 0 and versus ||r§(l))g(thitC,k)” in Figs. 9.4 and 9.5, respectively. It can be

seen that the probability Pp;7 gradually increases as the AAT

approaches the mobile ADS, and reaches its maximum value when the
AAT is approximately at the CPA (Chap. 7).

Plots of some of the variables used in computational methods NM1
and NM2 versus 7 > 0, namely, D(k), D(k), are shown in Fig. 9.6,

03 =0, 03 =0, are shown in Fig. 9.7, (Myorx — Myor) X 100% /1,y is
shown in Fig. 9.8,and (2n;; + 1), 2n1x+ 1),and 2n; + 1 =2ny + 1,

are shown in Fig. 9.9.
In addition, contour plots of the function arg(x; + j.y;), for

computational method NM1, where y = [y, y2]" € Dgiq(k), k =1,
and computational method NM2, where y = [y}, y2]" € Dygia(k),
k = 1, are shown in Fig. 9.10 and Fig. 9.11, respectively.

For the case where the AA gun fires bursts of N, = 15 projectiles

against the AAT, the probability of destroying the AAT, 4,,7c, where

Ppriny = Prob (Y > 1), is significantly higher than for the case where



one AA projectile is fired, X(7;?firex, &), kK € T cq, see Table 9.2 and

the plots shown in Figs. 9.12 and 9.13.
The accumulative probability of destroying the AAT, —T', I3, where

Pakin,j, = Prob (£;, > 1), v =1,2,...,np = 7, increases as expected
with increasing values of v, see Table 9.3 and the plots shown in Figs.

9.14 and 9.15.
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Table 9.1 Table of values of the probability that an AA projectile will impact the body of the
AAT, Pk, the intercept time ¢ > 0, LOS distance ||,.(1) el k € Treq, (9.94)

los



k(720 |(1r) (1000l @) | Pricri

1 0.00 4010.86 0.002460
5 0.80 3819.03 0.002888
9 1.60 3628.17 0.003413
13 |2.40 3438.45 0.004031
17 |3.20 3250.06 0.004825
21 |4.00 3063.24 0.005834
25 [4.80 2878.31 0.007023
29 |[5.60 2695.65 0.008598
33 |6.40 2515.76 0.010586
37 |7.20 2339.27 0.013196
41 |8.00 2167.02 0.016588
45 |8.80 2000.10 0.020895
49 (9.60 1839.96 0.026777
53 110.40 1688.54 0.034131
57 [11.20 1548.39 0.043521
61 |12.00 1422.86 0.054455
65 |[12.80 1316.11 0.066460
69 |[13.60 1233.05 0.077563
73 (14.40 1178.70 0.086588
77 [15.20 1157.11 0.090758
81 |16.00 1170.08 0.090493
85 116.80 1216.53 0.085914
89 [17.60 1292.83 0.078658
93 |18.40 1394.11 0.069307
97 |(19.20 1515.35 0.059449
101(20.00 1652.18 0.050083
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y=1[y, »]" € Dgrid(k)’ k=1;Ind =1 for ¢ inside the enclosed region around the origin,

and Ind g = for ¢ outside this region
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Table 9.2 Table of values of the probability that at least one AA projectile out of a burst of N,
AA projectiles will impact the body of the AAT, Prob (Y} > 1), the intercept time 7 > 0, LOS
distance ||,.(1) (thicill k € Treq, (9.94)

los

k t>0(s) ||r(1) (thirc)| (m) | Prob (Y, > 1)

los

1 |(0.00 4010.86 0.036277
5 10.80 3819.03 0.042455




k t>0(s) ||r§([,i(thitc,k)|| (m) | Prob (Y, > 1)
9 1.60 3628.17 0.049983
13 (240 3438.45 0.058789
17 13.20 3250.06 0.069974
21 (4.00 3063.24 0.084022
25 |4.80 2878.31 0.100320
29 [5.60 2695.65 0.121492
33 [6.40 2515.76 0.147541
37 [7.20 2339.27 0.180659
41 |(8.00 2167.02 0.221907
45 |8.80 2000.10 0.271485
49 19.60 1839.96 0.334446
53 [10.40 1688.54 0.406020
57 111.20 1548.39 0.486981
61 [12.00 1422.86 0.568251
65 |12.80 1316.11 0.643555
69 |13.60 1233.05 0.702112
73 |14.40 1178.70 0.742960
77 115.20 1157.11 0.760011
81 [16.00 1170.08 0.758958
85 [16.80 1216.53 0.740099
89 |17.60 1292.83 0.707376
93 |(18.40 1394.11 0.659516
97 119.20 1515.35 0.601218
101|20.00 1652.18 0.537317
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Table 9.3 Table of values of the probability that at least one AA projectile will impact the body
of the AAT after v bursts of N, AA projectiles each have been fired, Prob (Z;, > 1), the

intercept time 7y, j,, LOS distance ||()

o thicc i)l for v=1,2,..,n0=7,(9.96)

Vil Ta | Lfire,j ()] || "g)s(thiz ci)l (m) | Prob (5, > 1)
1|1 0.00 4010.86 0.036277
2117 |3.20 3250.06 0.103713
3 (33 |6.40 2515.76 0.235953
4 149 (9.60 1839.96 0.491485
5165 [12.80 1316.11 0.818742
6 (81 [16.00 1170.08 0.956309
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9.8 Verification Method VMB for the
Computation of the Probability P;r

Verification method VMB ([132]) proposes a special engagement
scenario whereby the mobile ADS fires an ideal AA projectile at time
t > 0 against a stationary target k that has the shape of a sphere. The

ideal AA projectile is assumed to travel at a constant speed and in a
straight line.® In the sequel, target k is referred to as stationary
sphere k.

Using the assumptions of the special engagement scenario,
expressions are derived for a number of quantities. The afore-



mentioned expressions facilitate the direct and accurate computation of
the probability that the ideal AA projectile will impact the body of
stationary sphere k, denoted by Ny > 1. The value Ny > 1 is compared

with Pk, that is, the probability that the ideal AA projectile will

impact the body of stationary sphere k as obtained by applying
computational method NM2 to the special engagement scenario, for
k=1,2,..,n;

The CM of a uniform stationary sphere k with radius 7;(0) is fixed
at each specified inertial position of the original AAT denoted by 7/u¢1x
((7.12)). Thus, at each time ¢ € 7 rrx, (9.25), the inertial position and

velocity of stationary sphere k, denoted by & (r)and D (),
targ.k targ k

respectively, are given by

(1) _ (1) _
Fiare il = Trarglis Vi, () = 030 V' 1 € Ty,

(9.98)
TrLk = [Efirei> thirck + Aal-

The body reference frame B, (8.15), is fixed at the CM of stationary

sphere k, and the (Xp,, axis points in the direction of the constant

forward velocity vector of the original AAT that is moving in a straight
line (Fig. 9.2, Fig. 7.2, Sect. 7.3).
Attime ffirex = thiick — diorck the AA gun is aimed at the CM of

stationary sphere k and fires an ideal AA projectile. It follows that at
time 7 > O the AA gun is aligned with the LOS vector 7,s(ire ), (2

148), and that the inertial angles of the fire control vector (Chap. 7) are
in this case equal to the inertial angles of the LOS vector, ,.( )(t Fire. )

153)-(2.154), as follows

aFC(tfire,k) = alos(tfire,k)’ eFC(tfire,k) = elos(tfire,k)a (9.99)



where

)

1
rlos(tfire,k) = Twrglk — rfq)(tfire,k)- (9.100)

The vector from the muzzle M of the AA gun to the CM of stationary
sphere k is denoted by 721404 and is given by

Fotdiargk = Trarglh — Tooo( fire)- (9.101)
It follows from the above that the inertial angles of 72:4,4x are
identicalto (Ay) = 11 and (Ay) = 11.
In the computation of 4,,¢ck, t > 0, in Chap. 7, it is assumed that
the azimuth and elevation error angles are zero, &, = &g = 0. Hence,

the ideal AA projectile travels along a straight line from the muzzle M of
the AA gun to the CM of stationary sphere k in a time 4,,7cx, and at an

assumed constant speed L, > 0. Since the ideal AA projectile covers a
distance ||Fa2sar¢kl| in a time A4,,rc it follows that the constant speed

Ly, > 0 is given by

||rM2targ,k||

Vconst,k — (9.102)

A rci
The straight line path of the ideal AA projectile is parallel to the
longitudinal axis of the AA gun, that is, the line from the hinge point H
to the muzzle M of the AA gun (Fig. 9.1).

With regard to the application of computational method NM2 to the
special engagement scenario, the following assumptions and methods
are employed.

1. The set By, associated with the AAT in Sect. 9.2 is replaced by the
set dp/dt associated with stationary sphere k with radius 7;(0)
and given by ((8.9))



0, = 5\/ = 5\/ =0, &y, =-v/a, = ,8 = 0, ,8 = ,Bb, (9.103)

Csph,k = pena( x(Z) + y(Z) + Z%a Oapsph,k)° (9104)

The generic firing velocity vector of the ideal AA projectile
expressed in body reference frame Bjs is given by ((9.8), (9.102))

— cos(&gx) sin(gy k)
B
VED 7)(tfire,k) = Vconsl,k COS(SG,k) COS(Sw’k) . (9.105)
sin(&gx)

As mentioned earlier in this Chapter, conceptually, the vector
V;Bﬂ(t firex) PoOINts from the muzzle M of the AA gun outwards.

The point mass flight dynamics model of the ideal AA projectile is
subject to random initial conditions that are a function of the
random vector B;, and is given by ((9.11)-(9.17))

dX(7;1) v (T31)
= (X(1;0) = | ProJ ,
dr fpm]( ( )) [ 03><1
X(t;1) = Xo(t, &), T €L, thisck +dal, = trirepo (9.106)
(1) (t
re,ks Sk)
Xo(t firexs &) = f’[f” 0¥ Jire (9.107)
prOjO( firek> 8k)
where the initial conditions are obtained as follows.
4. The initial position (1(1) J(I) K'D) is given by
Bs
;,I,?OJ O(Ifzre ko 8k) = I‘( )(t) + L J(I)(t) [ = tfzre ko (9108)

where



(9.109)

1 1 —sin(By)(Ly + hry)
r = r @) + | cos@Bp)(Ly + hry) |,
hy + hr, + hy,,
x(?)

rD ) = |y, = thires
0

cos(arc(?)) cos(erc(?))
J5 1) = |sin(@pc(D)cos@rc®) |, 1 = trres-  (9.110)
sin(erc(?))

5.
The initial velocity (Ig), J(I), Kg)) is given by ((9.105), (9.102))
5 5 5

1
( : (tflre k> €k) _V (tflre k)

0
PVOJ (9.111)
:RB72]VP (tfire,k),
— cos(eg) sin(gy 1)
= Proj O(tflre ks EK) = RB721VCO” st.k COS(SQ ) COS(Slp ) (9 1 12)
sin(&g)

In the derivation of an expression for Ny > 1 the following

assumptions and methods are applied.

1. With reference to the generic firing velocity vector VEDB7)(1 Fired)’

(9.105), it follows that the actual direction of flight of the ideal AA
projectile depends on the realization /;, > a, (9.5). Thus, in order

to simplify the presentation let 0, be a vector denoting the

realization 5, > a as follows



9.113
Tk = [Zl’k] = g(wy) = lay”k(wk)]. (9.113)

Dk eor(wy)

Let {(¢) denote a unit vector in the direction of the realization of

vg)B7)(t Fired) expressed in body reference frame Bs and given by

((9.105), (9.113))

. UPjx — Cc08(22,k) SIn(z1 x)
upy =y, = |upky| = | cos(za,)cos(ziy) |- (9.114)
Upk: sin(zo )

Conceptually, the unit vector {(¢) points from the muzzle M of the

AA gun outwards.

In this work, the feasible values of ¢, are constrained to the set

B, c R? centered at the origin and given by

Aqs = (—ao, ap) X (=ao, aop), ao =m/2. (9.115)
The angle between the unit vector {(7) and the Zp, axis is

denoted by ¢y, and is given by the following relation ((9.114))
COS(yk) = Upiy, (9.116)

= cos(¢yr) = €os(Zak) COS(Z1 k). (9.117)
It follows that the RHS of (9.117) is positive for all m = 13 and

that the angle ¢y, is computed from (9.117) as follows

¢yr = arccos(cos(zax) cos(z1x)). (9.118)



With reference to (9.118), it is assumed that ¢y lies in the

interval p, € R,

dyx € [0, 7/2). (9.119)
In addition, it follows from (9.117) that

cos*(¢yx) = cos*(zax) COS™(214)- (9.120)

An expression needs to be derived for the set A puex C A,
(9.129), such that if 0, lies in the set M,,,,3 then the ideal AA
projectile fired at time 7 > 0 will impact the body of stationary
sphere k. If the value of 0, does not lie in the set M,,,,3 then the
ideal AA projectile fired at time 7 > 0 will not impact the body of

stationary sphere k.

With reference to Fig. 9.1, consider a plane VP ; at time ¢ > 0 that

is vertical to the inertial (X, Y) plane and that includes the
k, &r(wy)) plane of the body reference frame Bs fixed to point G,

the center of mass of the AA gun (Fig. 9.16). Given that the Zp,

axis coincides with the line from the hinge point H of the AA gun
to the CM of stationary sphere k (Fig. 9.16). It follows that the
vertical plane VP ; also passes through the CM of stationary

sphere k. The cross-sections of the AA gun and stationary sphere k
that lie on vertical plane VP ; are shown in Fig. 9.16.

Consider a cone CN ; with axis that coincides with the Zp, axis

and with apex fixed at the muzzle M of the AA gun (Fig. 9.16). The
inner surface of the cone touches tangentially the surface of



stationary sphere k as shown in Fig. 9.16. The cone CN ; has half-
cone angle = /4 that is computed as follows

psph,k

. Psph.k (9-12 1)
Sln(¢cone,k) = —) s
”rMZtarg,k”

= eonek = arcsin(
7 p21arg k|

where 0 < pspni < IFm2iargkll < 00.In many cases

Psphi < IFm2iarg kll. The value of = /4 depends on the positive

finite values 77;(0) and ||Fp2/4r¢ |- Thus, the value of = /4 is

positive and lies in the interval p; € R"s,
CoS(Pyx) = Upky, (9.122)

Assume that ¢yr = @cone k- Then, it follows from (9.117) that 0,

takes on appropriate values such that the following relation is
satisfied

cos(22.4) €08(z1 1) = COS(Peoner), (9.123)
and implying that ((9.116), (9.120))
Mpyo; = 0.550 kg . (9.124)

c0s*(22,6) c08*(z1) = OS> (Peone)- (9.125)
Thus, assume that 0, lies in the set 5(¢) = 8, =, representing the
equality constraint (9.123), as follows
Acirek = Ay y2l" € Ay s cos(y2) cos(y1) = coS(Peones)}-(9.126)

By using (9.114), (9.123)-(9.125), and standard trigonometric
identities, the following relations are derived for the elements of
the unit vector J(¢)

(9.127)



10.

2 2 2 ) )
Upjy T Up, =CO8™(22,4) SIN(21 ) + SIN"(224)

=c08”(z040) sin*(z14) + 1 — cos*(z2)
= COSZ(ZQ,k)(sinz(ZLk) - 1)+1
=— COSz(Zz,k) cosz(zl,k) +1

2
= — COS (¢cone,k) +1
-2
=Sin (¢cone,k)a

Upky = COS(Pcone,k)- (9.128)
It follows from (9.127)-(9.128) that the unit vector {(7) lies on
the surface of cone CN ; while its end-point touches a circle with
radius Sin(¢oue ). The center of the circle is fixed on the Zp, axis
at a distance COS(@Pcone k) from the muzzle M of the AA gun

(towards the CM of stationary sphere k, Fig. 9.16). The plane of
the circle is perpendicular to the Zp, axis. It follows that if

assumption 9 is satisfied then the direction of the realization of

the generic firing velocity vector V;Bﬂ(t Fire)’ (9.105), is such that

the ideal AA projectile just impacts the body of stationary sphere
k.
Thus, the ideal AA projectile fired at time ¢ > 0 will impact the

body of stationary sphere k if the angle ¢y, of the unit vector (7)
lies in the interval Myg = M, that is, if 0, lies in the set

Aconex C A, given by ((9.118))

Aconer = {1,217 € A, 0 < arccos(cos(yz) cos(V1)) < Beonests . .



k=1,2,. 0y 0129

Define the function Ind Z3, as follows
1 if  y€eAnex (9.130)

0 if Yy ¢ Acone,k ’
y=Dnyl" €R’ k=1,2,..,ny.

Indcone = Indcone(k;ylay2) — {

Thus, the probability that the ideal AA projectile fired at time
t > 0 will impact the body of stationary sphere k is equal to the

probability that B; P(5Z ; 1), and is given by

PVhitT,k = Prob (8k € Acone,k)
= E (Indcone(k; Ey ks 89,k))

(9.131)
:ffz Indcone (ks Y1, ¥2) fey.e601> Y2)dy1dy2,
R

= Pypiri = f fsd,,SQ(Yhyz)dyldyz- (9.132)
A

cone,k

Following the procedure presented in Sect. 9.2, a bounding set
N fpay for the set M3 is employed, Aconer C Dy(k). The

bounding set Ny, is a rectangle centered at the origin. Thus, the

probability Ny > 1 is computed as follows

Pyhirx = ff Indcone(ks Y1, ¥2) fey 6015 Y2)dy1dya. (9.133)
Dy (k)

11.
The computation of P;7 4 is based on the application of

computational method NM2 (Sect. 9.4) to the special engagement
scenario.
12. The percentage difference between the probability Py and the



probability Ny > 1, is given by
(9.134)

Prist ik — Pvnist k

x 100%.

€VhirT k

Pyt k

Stationary Sphere k

OI
X
Fig. 9.16 Schematic of the AA gun engaging stationary sphere k
Two separate cases of the special engagement scenario are
considered as follows.

1. Case 1: Stationary spheres with different radii.
In this case the half-cone angle = 7/4 is fixed for all k as follows



Amar C Dek), k=1,2,.. n;. (9.135)
By using (9.121), the radius 1;(0) of stationary sphere k is
computed such that the constraint (9.135) is satisfied,
Psphjc = P poiargll SIN(Peone0), k= 1,2,....ny. (9.136)
It follows from (9.135), (9.129), that the set M, is fixed for all k,

Acone,k = AconeO, k = 192’"'9 nf9 (9137)
where
g = Oi5x1, P = 01551, p = 0155 for all 7>0. (9.138)

The bounding set /Ny, is also fixed as follows

X+ Ly sin(,B),B — qrasin(@) = 0, (9.139)

Trety(thirT k5 k). Thus, the probability N > 1 is fixed and is given by

Pyhirt k =Pvnirro

9.140
= f f Indcone(k3 ¥1, Y2) feye6(V15 Y2 )dy1dya, ( )
Dvo

k = 1,2, ...,I’lf.

. Case 2: Stationary spheres with identical radii.
In this case the radius 17;(0) of stationary sphere k is constant

for all k as follows
Psphk = Psphos  k=1,2,..,nf. (9.141)
The half-cone angle = /4 is computed by using (9.121), that is,
(9.142)



psphO

, k=1,2,...,n¢.
||rM2mg,k||) /

onek = arcsin(

The probability Ny > 1 is computed by using (9.133), for
k=1,2,..,n;¢.

9.8.1 Computational Results

The data given in Sect. 9.7 is used with some extensions and additions
as specified below.
In the computation of Ny > 1 the following data is employed.

1.
For Case 2 (stationary spheres with identical radii) the bounding

set Nfpax, (9.133), is given by

Dy(k) = {[y1,y2]" € Au: —Gimaxk < V1 < Qumaxko

(9.143)
—Amaxk < y2 < aZmax,k},

Amaxk = 1-2¢c0ne,ka Dmaxk = 1-2¢cone,ka (9144)
k € Tred-

2.
For Case 1 (stationary spheres with different radii) the bounding

set Dyyg, (9.139), is given by

T .
DVO = {[ylayZ] € Aa D Amax0 < Y1 < A1max0s

(9.145)
—A2max0 < 2 < aZmaxO},

Almax0 = 1'2¢C0n607 A2max0) = 1-2¢c0ne0- (9.146)

In the application of computational method NM2 to compute Pk,

the following data is employed for Cases 1 and 2.



1. The parameter py, (9.46), is replaced by B given by

dix = 1.205m1 k€ Trea- (9.147)

2.
The radius of the TBS is ky # O m.

The double integrals in computational method NM2 and verification
method VMB are computed numerically by applying the MATLAB
functions dblquad, quadgk, implementing the AQUADGK algorithm

and using an absolute error tolerance of 108 ([110]).
In Case 1, p; € R’ Geoned = 1073 rad, k € 7.4, and each stationary

sphere has a different radius. Part of the computational results are
shown in Table 9.4. It can be seen that the absolute percentage
difference |eyp;r | lies approximately between 0.0022% and 0.091%

forall kK € T ,o4.

InCase2, L, >0 (2n; + 1) m, k € 7,4, and each stationary

sphere has an identical radius. Part of the computational results are
shown in Table 9.5. It can be seen that the absolute percentage
difference |eyir k| lies approximately between 0.0053% and 0.23% for

all k € T red-

Table 9.4 Verification method VMB, Case 1: Stationary spheres with different radii. Table of
values of k, the intercept time t > O, |[Fy2iareill, diorcis = 7/4, 71(0), Prirx, Ny =1,

Js = I (Phict i — Pvnier )/ Pynirr ) X 100%

k |20 [lIrvowaekll | diofck | =7/4 n1(0) Pt i Ny>1 | eviirk (%)
(s) (m) () (rad) (m)

1 0.00 4008.06 5.99701 [0.001 4.00806 |10.393609 (0.393469 |10.0354779

5 0.80 3816.23 5.48804 (0.001 3.81623 [0.393588 |0.393469 |0.0300678

9 1.60 3625.37 5.02039 (0.001 3.62537 [0.393564 10.393469 (0.0241173

13 |2.40 3435.65 4.58962 |0.001 3.43565 [0.393538 |10.393469 (|0.0175474




k |t1>0 [lIryareill | diorckl | = /4 n1(0) Prit i Ny >1" | eviir i (%)
(s) (m) (s) (rad) (m)

17 [3.20 3247.26 4.19193 |0.001 3.24726 |0.39351 |0.393469|0.0102646

21 |4.00 3060.44 3.8242 |0.001 3.06044 |0.393478|0.393469|0.00215824

25 14.80 2875.51 3.48377 |0.001 2.87551 |0.393442|0.393469 |-
0.00690282

29 [5.60 2692.85 3.16832 (0.001 2.69285 |0.393402 |10.393469 (-0.017073

33 |6.40 2512.96 2.87592 |0.001 2.51296 |0.393357|0.393469 |-0.0285326

37 |7.20 2336.47 2.605 0.001 2.33647 |0.393306|0.393469 |-0.0414881

41 |8.00 2164.22 2.3544 |0.001 2.16422 |0.393248 |0.393469 |-0.0561675

45 |8.80 1997.3 2.12347 (0.001 1.9973 ]0.3931830.393469 [-0.0728047

49 19.60 1837.16 1.91205 |0.001 1.83716 |0.393567|0.393469 (0.0248002

53 |10.40 |1685.74 1.72056 |0.001 1.68574 10.393484 |10.393469 {0.00372934

57 |11.20 [1545.59 1.55007 |0.001 1.54559 |0.393393 |0.393469 [-0.0194451

61 |12.00 |1420.06 1.4025 |0.001 1.42006 |0.393296 |0.393469 [-0.0440801

65 (12.80 |1313.31 1.28062 |0.001 1.31331 |0.393504 | 0.393469 {0.00876414

69 [13.60 |1230.25 1.18798 |0.001 1.23025 |0.393112 |0.393469 [-0.0908504

73 1440 |11759 1.12835 |0.001 1.1759 |0.393658 (0.393469 (0.0479133

77 (1520 |1154.31 1.10488 |0.001 1.15431 |0.393631 |[0.393469 [0.0410609

81 |16.00 [1167.28 1.11897 |0.001 1.16728 |0.393647|0.393469 [0.0452086

85 |16.80 (1213.73 1.16976 |0.001 1.21373 |0.393398 |0.393469 [-0.0181401

89 |17.60 [1290.03 1.25447 10.001 1.29003 |0.393176 |0.393469 |-0.0746388

93 |18.40 |1391.31 1.36936 |0.001 1.39131 |0.393271 |0.393469 [-0.0503457

97 (19.20 |1512.55 1.51078 |0.001 1.51255 |0.393369 [0.393469 [-0.0255329

101{20.00 |1649.38 1.67572 |0.001 1.64938 |0.393309|0.393469 [-0.0406937

Table 9.5 Verification method VMB, Case 2: Stationary spheres with identical radii. Table of
values of k, the intercept time # > O, |[Fy2iargill, diorci, = 7/4, 01(0), Priri, Ny =1,

Jo = I (Phict ke — Pvnier )/ Pynirr ) X 100%

k |20 | Irsowarg il diopci | = 7/4 (rad) | 71(0) | Priri Ny>1 evhirr i (%)
(s) (m) (s) (m)

1 [0.00 |4008.06 [5.99701|0.000249497 (1 0.0306145 (0.0306451 |-0.0998415

S5 10.80 |3816.23 |[5.48804 |0.000262039 (1 0.0337637(0.0337495 | 0.0420494




k | 1> 00| lIryeargill| diopci | = /4 (rad) | 71(0) | Prir i Ny >1 evhirrk (%)
(s) |(m) (s) (m)
9 1.60 ([3625.37 |5.02039 (0.000275834 (1 0.037340410.0373276 |0.0343698
13 |2.40 |3435.65 [4.58962 |0.000291066 |1 0.041485710.041475 |0.0259201
17 3.20 [3247.26 [4.19193|0.000307952 |1 0.0462499 |10.0463106 |-0.131048
21 [(4.00 |[3060.44 (3.8242 |0.00032675 |1 0.0519862 (0.051983 [0.00625438
25 [4.80 [2875.51 ([3.48377(0.000347764 |1 0.058674910.058678 |-
0.00522186
29 [5.60 [2692.85 ([3.16832(0.000371353 |1 0.066519 |0.0666282|-0.163994
33 [6.40 (251296 (2.87592|0.000397937 |1 0.0760991|0.0761236 |-0.0322653
37 |7.20 12336.47 |2.605 0.000427996 |1 0.0873526 (0.0875211 |-0.192485
41 |8.00 |2164.22 |2.3544 |0.00046206 |1 0.101183 |0.10125 -0.0659867
45 |18.80 |1997.3 2.12347 [0.000500676 |1 0.117701 |0.117802 |-0.0857436
49 19.60 |1837.16 |1.91205|0.000544317 |1 0.137542 10.13769 -0.107521
53 |10.40 |1685.74 |1.72056 [{0.00059321 |1 0.161351 (0.16134 0.00692177
57 [11.20 [1545.59 ([1.55007 [0.000647 1 0.188557 |0.188852 |-0.156135
61 |[12.00 |1420.06 |[1.4025 |0.000704198 |1 0.219201 |0.219599 |-0.181413
65 [12.80 |1313.31 |[1.28062 |0.000761434 |1 0.251356 |0.251655 |-0.118564
69 |13.60 |1230.25 |[1.18798 (0.00081284 |1 0.281054 (0.281331 |[-0.098449
73 (14.40 [1175.9 1.12835|0.000850411 |1 0.303598 |0.303438 |0.0524141
77 [15.20 [1154.31 ([1.10488 |0.000866321 |1 0.313026 |0.312887 |0.0446287
81 [16.00 [1167.28 ([1.11897|0.00085669 |1 0.307314 |0.307162 |0.049328
85 |16.80 |1213.73 |1.16976 (0.00082391 |1 0.28715 0.287812 |-0.229925
89 [17.60 [1290.03 (1.25447|0.000775175]1 0.259301 |0.259514 |-0.081798
93 1840 |1391.31 |[1.36936(0.000718748 |1 0.22751 0.227636 |-0.0553723
97 119.20 |1512.55 |[1.51078 |0.000661133 |1 0.196262 |0.196316 |-0.0274719
10120.00 |1649.38 |1.67572 (0.000606288 |1 0.167661 |[0.167892 |(-0.137332
Footnotes

1 An alternative notation is to use upper-case letters to denote random variables or random
vectors (for example, Y, Z) and the corresponding lower-case letters to denote the realizations
of the random variables or random vectors (for example, (211 + 1), @gun (1)), [83, 121, 136,

139, 148, 157, 171].




2 The formal verification of the conditions for this result would, in principle, follow a
methodology similar to that given on pp. 1098-1101, [34], pp. 57-59, [127], pp. 116-119,
[165], and in Chap. 4, [128].

3 The effects of the gravitational force and the aerodynamic drag force are not taken into
account.



Appendix A

Kinematics of Constrained Rigid Multibody
Systems Subject to Velocity Constraints That
May Not be Independent

This Appendix presents some elements of the kinematics of
constrained rigid multibody systems. The relevant results are obtained
mainly from [10, 63, 64, 70, 73, 81, 84, 94, 107, 125, 147, 153-155, 168,
215]. The assumptions, results and methods employed are as follows.

1.
It is assumed that right-handed Cartesian co-ordinate systems are

used throughout.

There is an inertial reference frame I and an associated co-
ordinate system (X, Y, Z) with unit vectors (I, I, I3) and with

origin fixed in the inertial reference frame I (bold letters are used
to denote vector and matrix quantities).
3. The unit vectors of the inertial reference frame I, (I, I», I53), are

given by
1 0 0
I, = |0, I, =|1|, I =|0], (A.1)
0 0 1
and
1,:1,:15] = I3, (A.2)

where 15 denotes the 3 by 3 unit matrix. The unit vectors

(I1,1,,I5) are expressed directly in the inertial reference frame L



This can be explicitly indicated by using a superscript (I) as

follows (10 1V 1), where 10 — 1, [V = 1, IV = 1, (A-1).

Consider a constrained rigid multibody system consisting of N
rigid bodies and subject to a total of m nonholonomic and
holonomic velocity constraints that may not be independent.

For each rigid body i, there is a body reference frame B;and an
associated co-ordinate system (Xp, Yp,Zp ) with unit vectors
(I, J B,» Kp,) and with origin fixed at the center of mass of rigid
body i, (Xp,, Y5, Zp,). Thus, body reference frame B; translates
and rotates together with rigid body i.

The unit vectors of the body reference frame B;, (Ip;, Js;, K3)),

are given by

1

1 0 0
IB' = [0 ’ JB' = |1 ’ KB' = |0 ’ (AB)
0 0 |

and

(Ip,:Jp, i Kl = Is5. (A.4)
The unit vectors (I, J p,, Kp,) are expressed directly in the body
reference frame B;. This can be explicitly indicated by using a
superscript (B;) as follows ( I(B]ji), J(Bii)’ ngi)), where Igfi) = I,
Jg» . ngn = Ky (A3).

Let g denote the vector of generalized co-ordinates and ¢ the



vector of generalized velocities describing the motion of the
multibody system relative to the inertial reference frame I where

(A.5)
q =[q1, 92, - qal",
dg _
P =[p1.p2spnl’ = d_? = q, (A.6)
dp _d’q _ .
a ae =T A7

q=¢q() eR", g=q(t) € R" and t denotes time. The selected
generalized co-ordinates ¢ are suitable for describing the inertial

position and orientation of the multibody system.
In this work, the generalized co-ordinates ¢ are generally

dependent ([10, 60-62, 70, 73, 81, 84, 107]).

The translational motion of each rigid body can be described by
three generalized co-ordinates and the rotational motion can be
described by three generalized co-ordinates. In particular, a vector
of generalized co-ordinates €; can be selected for each rigid body

i. An appropriate selectionis q; = [x;,yi, 2, ¥, 0;, ®;]7 € RS,

(X3, Yp;, Zp,), where the following holds.

a.
Xi, Vi, Zi denote the co-ordinates of the center of mass of rigid

body i with respect to the inertial co-ordinate system (X, Y, Z),
(X, Yp,;, ZB,).

b.
ay, 0;, ®; denote the Euler rotation angles required to bring

the inertial co-ordinate system (X, Y, Z) into alignment with
the body co-ordinate system ¢q;(f) 8(¢#) QOc; (using, for



10.

11.

12.

example, the rotation axis sequence Z — X — Y),
(Xp.,Yp.,Zp) ([10,70,73,81,94,107, 147, 155]).

In this case, the vector of generalized co-ordinates for the
constrained rigid multibody system is givenby ¢ = [¢/, S ...,

q]'\r]]'r € RON.

Consider the case of a rigid body moving in three-dimensional
space and assume that there are no constraints on its motion.
Then it follows that the rigid body has three translational degrees
of freedom and three rotational degrees of freedom, for a total of
six degrees of freedom ([10, 70, 73, 81, 107, 147, 155]).

Hereafter, the time variable t and the rigid body index i appearing
in the body reference frame label B; and also in other subscripts,

take on the following values, unless stated otherwise,
t>0, 1 =12,.,N (A.8)

Let ;O denote the inertial position of the center of mass of rigid
1

body i expressed in the inertial reference frame I ([10, 147]),
rl(.[) :rl(.l)(q) e R, (A.9)
In order to describe the orientation of body reference frame B;

with respect to the inertial reference frame I some preliminary
results are needed. Let y(l) denote a given vector y ¢ R3

expressed in the inertial reference frame I, and y®) denote the

same vector expressed in the body reference frame B;. The

relationship between y() and y(®) is given by



13.

14.

B; I I B; -1 (B;
y( z) — RIZBl‘y( ), y( ) — RB,’21y( z) — RlzBiy( z), (AlO)
where Rp,; is the rotation matrix from the inertial reference

frame I to the body reference frame B; ([10, 73, 81, 147]),

Rpp, = Rpp(q) € R, (A.11)

Thus, the orientation of body reference frame B; with respect to

the inertial reference frame I is represented by the rotation matrix
Rpy; ([94]). The rotation matrix Rpo; is given by ([10, 73, 81,

94])

CXp X CXp¥ CXppZ
Rpp, = Cyg X Cyp.y Cvp.Z|, (A.12)
Czp.X CZp.y CZp.Z

where &, is equal to the cosine of the angle between the positive
k axis of body reference frame B; and the positive j axis of the
inertial reference framel ny=n—rg =4, I,,;1 = I,».

Given the rotation matrix Rp,;. Then, by using (A.2), (A.10), it

follows that the unit vectors of the inertial reference frame I
expressed in the body reference frame B;, I(lBi), 1'% 1(381-)), form

the columns of the rotation matrix Rp; as follows

I(lBi) = Rpp1, I(zBi) = Rpp 1>, IgBi) = Rppls,  (A13)

— [I(IBZ) . I(zBi) EI;B;)] — RIZB," (A14)

where 1% = [Py, 1'% = 1P (q), 1 = 1PP(q), (A.11). The



unit vectors ( 1(130, 159, IgB")) are expressed as follows

B; B; B; B;
I(l ) :ng )IBi + Igy )JBi + Iiz )KBi

7B (B (BT (A.15)
_[le ’ Ily ’ Ilz ] ’
1P =115, + 1) T 5, + 127K, (A.16)
—_r7Bid) (B BT
=[0,”, 17, 12017,
Bi B[ Bi Bi
1P =115, + 1) T 5, + 127K,
(A.17)

_r7Bd B pBiqT
_[I Ily b Ilz ] )

Ix 2
15. Given the rotation matrix Rp;. Then, by using (A.4), (A.10), it
follows that the unit vectors of the body reference frame B;

expressed in the inertial reference frame I, ( I;’), J(I)’ Kg)), form

the columns of the rotation matrix Rp,; as follows

Igl) = RB,’2IIB," ng) = RBI-ZIJBP Kgl) = RBileBi’ (A.18)

= [I) 1 Jy) : K1 = R, (A.19)
1 I I I 1 I
where 1531') — I;i)(q), J%i) — J;i)(q), K(Bi) — K%i)(q), (A.11). The
unit vectors (I;’?, JD. Kg.)) are expressed as follows

I I I I
I) =11 +1) L+ 1)1

N (O (V)N (VAR B
_[IB,'X’ IBiy’ IB[Z] ’

(A.20)

Ji Ji I I
J;j :Jgszl n J;}ylz + J;i)zl3



D D DT (A.21)
_[JBl'X’ JBiy’ JBiZ] 9
) _ D () ()

KB,' _KBixll + KB,-yIZ + KBiZI3

_rxd () DT
_[KBix’ KBiy3 KBiZ] .

(A.22)

16.
If the unit vectors of the body reference frame B; expressed in the

inertial reference frame I, ( Ig), J(I ), Kg)), are given then the

rotation matrix Rpo; is constructed by using (A.19), that is,

Rp) = [Igi) : Jgi) : Kgi)] (see Chap. 2 for practical examples).

17.
By using the unit vectors (I, I, I3) and the unit vectors

(1(1), J(I), Kg)) the rotation matrix Rp;, (A.12), is represented as

follows

Baw T 7(D) Ty ]
Iy LI 131

Rps, = |I1JY LJy) 1[JY|. (A.23)

)] )] 0))
_IITKBl_ IZTKBi I3TKBi_
18. From (A.10), (A.12), (A.23), it follows that

Rso = Ry = Rjyp. (A.24)

Rz Rpp, = Rpp R, = I3, (A.25)

= RppiRpp, = RppRppr = 1. (A.26)

rm1 . M~ 11 n .1 1 -1 P | . .. . . n



19.

20.

21.

1nus, 1t 10110WS Irom tne above tnat tne rotation matrices IKpyj,

Rp;, are all orthogonal matrices .

By taking the time derivative of both sides of (A.26), the following
relation is obtained

dRp> dRpp
+

. ‘Rpor = 03,3, A.27
nB o B 3x3 ( )
dRpo; dRp>p, dRpor\'
= Rpp, 7 Rpor = —|Rps, " , (A.28)

where the time derivative of the rotation matrix is obtained by
computing the time derivative of each element of the rotation
matrix, dRBizl/dt = [dRB,QIj,k/dt], ng=m,. =4, dRBl.zj/dt =

[dRporjx/dt], ng = m. = 4. From (A.28) it follows that
Rpp,dRp o /dt is a 3 by 3 skew-symmetric matrix ([10, 73, 81]).

The rotation matrix from body reference frame B; to body

reference frame L, is obtained from (A.24) as follows

RB,‘2B]‘ - R]ZBJ‘RB,Q] = R—IB-]Q]RBZ'ZIa 19.]: 172a°--9N° (A29)

In order to simplify the presentation, it is assumed that the
rotation matrix Rpo; of rigid body i is parameterized by using p;

generalized co-ordinates, where n, € {1, 2, 3}. For example, for

three dimensional motion the rotation matrix can be
parameterized by using y; € R Euler angles, while for planar

motion the rotation matrix can be parameterized by using y; € R

Euler angle ([10, 81, 94]).

Tt ie nnecihla tn naramaetarize the ratatinn matriv hwr 11cing v« € R



22.

23.

24.

4L 10 lJUOUJ.LIJ.b v tlbl.].u].].].bl.\,]. 44,0 L1I1L 1LULAUALLIUILL 111Q0LL 1 UJ LAIJJ.J.J.B .)/1 N N

generalized co-ordinates. In this case, there will be m, = n, — 3

independent equality constraints involving the selected
deneralized co-ordinates. For example, if the rotation matrix is
parameterized by using y; € R Euler parameters then m, = 1,

implying that a single equation constrains the four Euler
parameters (Chaps. 7, 8, [10], Chaps. 4, 5, [81]).

Consider the case where the rotation matrix Rp; is

parameterized by using three Euler angles. Then, the rotation
matrix Rp,; is determined as a function of the Euler angles as

follows ([10, 81, 94]).

First, assume that the inertial co-ordinate system (X, Y, Z) is
rotated about one of its axes X, Y or Z, through a positive angle v

resulting in a co-ordinate system (X, Y., Zp.) ([10, 81, 94]).

The three possible single rotations and the associated rotation
matrices are as follows ([10, 73, 81, 94]).

a.
Single rotation about the Z axis through a positive angle v.

The rotation matrix is denoted by P(Y;, ) and is given by

cos(¢é)  sin(é) 0O

Rz(&) = |=sin(€) cos(é) Of. (A.30)
0 0 1

b.
Single rotation about the X axis through a positive angle v.

The rotation matrix is denoted by = 7/4 and is given by

1 0 0
Rx(&) = [0 cos(é) sin(é)]. (A.31)



[O — sin(¢) cos(f)J

C.
Single rotation about the Y axis through a positive angle v.

The rotation matrix is denoted by Ry(¢) and is given by

cos(é) 0 —sin(é)
Ry& = 0 1 0 | (A.32)
sin(é) 0 cos(é)

25. Second, assume that the inertial co-ordinate system (X, Y, Z) is

successively rotated about three valid rotation axes such that the
resulting co-ordinate system is parallel to the body co-ordinate
system (Xp,, Yp,,Zp,). The rotation angle about the first axis is

denoted by «g, the rotation angle about the second axis is
denoted by ©; and the rotation angle about the third axis is
denoted by @;. The rotation matrix Rp,; is determined by

computing the product of three rotation matrices, (A.30)-(A.32),
in the correct order ([10, 94]). There are twelve valid rotation axis
sequences ([10, 94]). For example, for the valid rotation axis
sequence Z — X — Y, the rotation matrix Rp; is determined

as follows.

a.
Rotation angle about first axis is a,: The inertial co-ordinate

system (X, Y, Z) is rotated about the Z axis, in this case the Z
axis, through a positive angle «, resulting in a co-ordinate
system (Xp,, Yp.,Zp,). The rotation matrix after one rotation
is given by

Rpa, = Rz(¥P). (A.33)



Rotation angle about second axis is ©;: The co-ordinate
system (Xgs, Yp.,Zp,) is rotated about the X axis, in this case
the Xp, axis, through a positive angle @;, resulting in a co-
ordinate system (X, Y35, Z3;). The rotation matrix after two
rotations is given by

Rpa, = Rx(O)RZ(V)). (A.34)

c. Rotation angle about third axis is @;: The co-ordinate system

(X, Yy, Zps) is rotated about the Y axis, in this case the
Zp, axis, through a positive angle @;, resulting in a co-
ordinate system (Xg,, Y5.,Zp,), that is parallel to the body co-
ordinate system q;(7) 5(t) Oc;. The rotation matrix after
three rotations is given by

M1’13 = M13’1 = My Sil’l(ﬂ-l-’)/) SiIl(g)Lg, (A35)

By using (A.30)-(A.32), the rotation matrix Rp,; for several

other valid rotation axis sequences (given in brackets below), is
computed as follows ([10, 94])

Almax0 = 1°2¢COI’1€07 Aomax0 = 1-2¢coneO- (A.36)
Rpp, =Rx(P)Ry(O)RZz(¥) (L - Y - X), (A.37)
Rpp, =Rz(P)Rx(O)RZz(¥)) (L — X — D). (A.38)

26. The time derivative of the unit vectors ( Ig), JD Kg)) in



reference frame I is denoted by (dzlgf/dt, dngf/dt, dlKgi)/dt),

and is directly related to the angular velocity wﬁf")l of reference
il

frame B; with respect to reference frame I, and expressed in

reference frame B;, as follows (Chap. 2, [10], Chap. 4, [81])

d,1y
o - =Rp, 21(603 X Ip,), (A.39)
(A.40)
dIJ(I)
o —Rle(a)B X J ),
d; K(I)
7 - =Rjp, 21(60 ) % Kg,), (A.41)
where w%B:I ;Br)l(q’ dq/dr) € R3,and

(B)) _ (B ) (B)) (Bj)
Birl — ¥, B+ wp rIyJ B; T Wp. 1.KB;

(Bi) (B ) (Bi)
[ B rlx’ Brly’ wBirIz]

w
(A.42)

Both sides of Egs. (A.39)-(A.41) are expressed in reference frame
I 1f the unit vectors ( Ig), JD K;’)) are given (that is, the rotation

matrix Rp,; is given), and the time derivatives of the unit vectors

in reference frame I denoted by (¢, [g? /dt> d; Jg.) /dt d, Kg) /df)

are given, then the angular velocity wggBi)I is obtained directly from
il

(A.39)-(A.41).
27. The following relations hold for the angular velocity
(B:) (B:)



w[rBi - wBl'r] ?
& _ (Bj)
g =Rppr @y,
)] @
@),p, Wp .,

In addition, by using (A.45), (A.29), it follows that

(Bj)

a)BirB

(B )
B il
(B )
B il
(B )
Birl

(Bj)
IrB

(B)

+ W

(A.43)

(A.44)

(A.45)

(A.46)

28. The time derivatives of the unit vectors ( I(B i) J(B i) K%Bi)) in

reference frame I are denoted by (g, Ig?i) /dt d; Jg?i) /dt>

B:
J(Bil)

= Jg they are expressed in reference frame B; and are
1

obtained by multiplying both sides of (A.39)-(A.41) from the left

by Rpy; as follows

a1 (d D\ ary
- ! = R
dt dt 2B 4y
- (B))
diJ g’) diJ gl) P diJ (I)
dr | dt - BT
4K (k" 4K

(Bi)
B;rl X IB,"

w'B)

BrIXJBz’

(A.47)

(A.48)



= l =R , l k o X K A.49
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Let x(B) denote a given vector y ¢ R* expressed in reference

frame B;,

xB) =x(Bi)I .+ x(zBi)JBi + ngi)KBl.

B B; B; (ASO)
_[x( MO

where X(IB) = Xl )(Q) X(B) = Xl )(‘I) X(B) = x1 )(Q) and
xB) = xB(q).Since g generally varies with time t it follows
that x(B) will also generally vary with time t. A typical example is

where x(B) is the position vector of a point relative to the origin

of reference frame B;.

30. The time derivative of the vector x5 in reference frame B; is

given by the time derivative of each element of x(®B/, (A.50), as

follows (Chap. 2, [10])

dt dt
dx'"(q) dx\’(q) dx(g)
| 2 3
——Jo+ ——J .+ ———— K. A51
dt B ¥ dt T + dt Bi ( :
_0xB(q)dq

dq dt’



31.

32.

33.

where 9x8)(q)/0q € R>".

Let x denote the given vector g expressed in reference frame I

as follows
XD :RBiZIx(Bi)
_ B D) (Bi) y(I) (Bj) g
=X, IB,~ + X, JB,- + X3 KB,-
=1+ 2L+ 2T,

O D (DT
L X5 X3,

(A.52)
=[x

1 1 1 1 1 1
where , [ = x{"(¢) " = 2(g) x” = x\(¢)-8nd

xdD = x(l)(q)-

The time derivative of the vector xV) in reference frame I is given

by the time derivative of each element of x(), (A.52), as follows

dix® _dlx(])(‘I)

dt dt
dx? dx'D dx'?
= 1 (q)ll + 2 (q)lz + 3 (q)l3 (ASB)
dt dt dt
_0x"(q)dq
- 9q dt’

where gx")(q)/0q € R>".

By using (A.39)-(A.41), (A.52), (A.50), the time derivative in
reference frame I, ¢,x" /dt, is related to the time derivative in

reference frame B;, d x5/ /dt, and the angular velocity (87, as



follows (Chap. 2, [10], Chap. 4, [81])
d;xD _dI(RB,QIx(Bi))

dr dt
d .
_ d_; (X(B» 104 (B ) J(1> N x(B ) K(”)
5B d x(Bo 4B

1 (1) 2 (1) 3 )
et e

(I (1> 0
(B)dl + B B0 diJ g + oy (B)dK
T T T TR Ty
x5 d; I(I) J J(1> d; K(I)
=Rpj— + P21y x(B)— b
=dt T T T TS T
and
(0 () (I
(B)dl (B)dJ (B)dK

+ X + X

1T 2 dt 3T

:RBizl(a) ) x (PP I )+w(B) x (x5 )+a) D x (x7Kg,)
=Rp(wy'y X (x "1 .+x(zB)JBl.+x3 "Kp.))

(Bi)
Brlxx )

dixD di(Rpox'®)
= =
dt dt

dp.xBi)
i B;
=Rpy; ot Rp 21(603 x xP),

(A.54)

Both sides of Eq. (A.54) are expressed in reference frame I.
34. Relation (A.54) can be expressed in reference frame B; by

multiplying both sides of (A.54) from the left by Rp >/, as follows

B.
(d;xD \< ) dyx®D



ar) e

dg.xB)
_ b, (By) (B )
7 twg, XX
i\ B dp xB)
:>( Idt :’d—t+w§f)1><x( ) (A.55)

35.
The time derivative of the vector x5 in reference frame I, and

expressed in reference frame B, is denoted by (,x(8/) /dt and is

computed by using (A.55) as follows

d;x(B) dix\P dpx® ™
= = —t+w, ;XX
dt dt dt Birl

(A.56)

36.
In direct analogy to the relation (A.54), the time derivative in

reference frame B;, dp, xBi) /dt, is related to the time derivative in

reference frame I, 4,x" /dt, and the angular velocity “)EDB , as

follows

dpx®)  dp(Rppx?)

dr dt
=R, ot R, (w,rB x x).

37. By substituting the expression on the right-hand-side of (A.57) for
dp, xBi) /dy in (A.54), and using (A.43), the following relation is

obtained,

WL xxD = Rpni(wB? x xBy, (A BR)



T Birlt T TN Bl T - \&rerry

38.
Similarly, the time derivative of the vector x() in reference frame

B;, and expressed in reference frame I, is denoted by ,x8?/dt

and is computed by using (A.57) as follows

(D)
dB_x(I) dB.x(B’) drxD
i — i = = L oP xxD. (A.59)

dt dt dt IrB;
39. For any two vectors ay, b, € R3, ap = [aox, aoy, ao]”,

ao = [aoy, aoy, ao.] ", the following relations hold (Chap. 2, [81]),

apx by = —(bgx ag), agxby = @ohy, boxay = boao,(A.60)

where «, 1”,0 are skew-symmetric matrices given by

0 —aop, ag . 0 —by bOy
&O =1 doz 0 — dox| > bO = bOz 0 - bOx . (A.61)
—doy dox 0 _bOy bOx 0

Thus, using (A.60)-(A.61), Eq. (A.54) can be expressed as follows

d,x(l) dBl.x(Bi) (B .
o = Rea— + Rpp(@y ) x®), (A.62)

dyxD d xB) o
1 = Rpos p —RBl.zl(x(B’)w;i;)I), (A.63)

where w;Bi)I and B are skew-symmetric matrices given by
it

(B) (Bj)
g — W, “)B,gy
LB (Bj) 0 _ B

(1) (N £\



“Birl Y Birlz “Birlx |’ \n.va)
_ B w(B ) 0
Birly Birlx

0 _ B B
)
“B) _ | B (B
e 3(3) 89) T (465
2 1 0

40. A relation for the second time derivative of x) in reference frame
I, d% xD /dt?, is obtained as follows.

First, compute the time derivative of both sides of Eq. (A.54) in
reference frame I,

dzx? d; dsxB 4,
= — — (Bj)
a2 dt( BRI o ) + (Rle(wB,,Xx )). (A.66)

The structure of each of the terms on the right-hand-side of (A.66)
matches the structure of the term on the left-hand-side of (A.54).

Second, apply relation (A.54) to each of the two terms on the
right-hand-side of (A.66),

d; dp x'B) dz x'B) dp xB)

l l Bl
E( B ) = Rpo i +RB,-21(w§9ir)1><

), (A.67)

d Bi ' dp, (B, ,
E(RB,'ZI(“);;)I x xB1y) :RB-zl—(w;,’r)l x xB))+

B; B;
Rpoi(@y) X (@) X xP)
d w(B)

“Rya(— 22 xx ) (A68)

B B
RBiz,(w; X (w; D x xB0y),

Third hyriieina (A AEY_( A AR) it fallaxare that
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d2xD d2 (B)) 5y dgx®
gz~ Ksal d2 + 2R p(wp 7 X 7 )+
(B) (A.69)
B;rl .
Rppr(— 21 — == X x) + Rppy(wpl) (@ x x5).

In the sequel two practical applications of the above derivations
are considered.

First, without loss of generality, consider the inertial position
vector of a point P fixed in rigid body 1 and given by

I 1 B
ry = r(1)+R3121st v, (A.70)

where Sg 1) is the position vector of point P relative to the origin

of body reference frame Bs, Rzor = | Igi) : Jgi) : Kgi)]_. Since the

vector ng 1) is fixed in body reference frame Bs, it follows that

B
d31 (Bl) d2 ( 1)
dt dt2

The inertial velocity of point P is obtained by using (A.54), (A.63),
(A.71), as follows

d Irg) d Ir(l)

(A.71)

- 03><1, = O3><1-

G = @t Rna@p <, (472)
- dzt}’) . d’cf) — Ry, V), (A.73)
where
0 _Sgil) S(P';l)
5291) = S;B‘) 0 —sgil) . (A.74)

(ZRl\ (R ~
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By using (A.72), (A.69), (A.71), the inertial acceleration of point P
is given by

B
&y darl dBlwggll’")I (B))
= + Rp o f(————— x5, )+
dr? dr? ! dt p (A.75)
(By) (By) _, (B}
Rpi(wp )y X (@p 1y X 8p0)).

Second, without loss of generality, consider the case of a point
mass d whose motion is specified relative to the body reference
frame Bs as follows

(By) 2 (B1)
S8 dp,$, dg, Sy (A.76)
d d ~ drr’

where S;Bl) — sfiBl)(q) c R3 is the position vector of the point

mass relative to the origin of body reference frame Bs. Then, by

using (A.76) and (A.72), (A.75), (A.69), the position of the point
mass relative to the origin of the inertial reference frame is given

by
1 1 B
rY = "+ Rgos?, (A.77)

and the velocity and acceleration are given by

I) () (B1)
d;r( da;r dg. s
d %I B12g (B1) (B1)

o - g T Reu— —+ Rp(wp X 8,7, (A.78)
2. 2. 2 B (B1)
dir, _ dir Ry R (B)) dg,s; "

> dr? pa— g+ 2Ry > =5

Bi% B r1 B B B B
Rpoi(——= % 5;"") + Rpp(@y 1) X (@) X 537)).

dt d
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By using (A.4), (A.51), it follows that

dBiIBi dBiJBi dBiKBi

= 0341, = 0341,
dt 3x1 dt 3x1 dt

- 03)(1. (A.SO)

44,
Thus, given the rotation matrix Rp,/, expressions for the unit

vectors ( Ig), Jo. Kg)) and their time derivatives in the inertial

reference frame I are computed by using (A.19) or (A.53) as

follows
dllgi) drJ ;’l) degl.) dRpy;
or
dllgi) _3152(‘1) dq (A.82)
dt  dq dt’ |
dIJgi) _0ng.)(CI)dq (A.83)
dt ~ dq dt’ |
d,Kgi) _GKgi)(CI)dq (A.84)
dt  9dq dt’ |

where 9j(q)/0q € R™", j = IE;S,JEéf,K%’?'

45. By using (A.54), (A.80)-(A.84), the following equations are

obtained
i1y dJy)

l

(Bi) (Bi)
— = Rppi(wy ) X1Ip), —— = Rpp/(wg,; X Jp),




d; K(I)
i = Rp, 2[((1)3 "l XKB) (A.85)
implying that
0
1P
i B; (B;)
Rip— = wpy x I, = | @y |, (A.86)
¢ _ B
Bjrly
(B)
dljg) (B ) _wB[FIZ
Rpp, o - =wpyXJg =] 0 |, (A.87)
w(Bi)
Bjrix
(A.88)
(Bj)
d]Kgi) wB(gly
RIZB,- i = (L)B rI X K —C()B ;’Ix
0

Thus, given expressions for the left-hand-sides of (A.86)-(A.88) in

terms of Rjp. = R;,—ZP and in terms of the time derivatives of the

unit vectors ( I;’ ) JD. Kg)) in the inertial reference frame I,

(A.81)-(A.84), the three elements of the angular velocity vector
%B i) are obtained by using any two of the three Egs. (A.86)-
(A.88).
46. Equations (A.86)—(A.88) are expressed in condensed form as
follows (Chap. 4, [10, 81])

dR» |
Rpp—22 = o8, (A.89)
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48.

where
(B) (Bj)
(B) (2> " i Sy
Wp,1 = | Weyr 0 ~ Wp,iy (A.90)
_oB) B 0
Birly Bjrlx
((A.28)).

The following results, (A.91)-(A.99), are analogous to (A.80)-
(A.88), for the rotation matrix Rp,;. Using (A.2), it follows that

d[ll d]Iz dII3
AU g, UL ALy |
7 3x1 97 3x1 7 3x1 (A.91)

Thus, given the rotation matrix Rz, expressions for the unit

vectors ( I(lBi), I;Bi)’ I;Bi)) and their time derivatives in the body

reference frame B; are computed by using (A.14) or (A.51) as

follows
dg 1\ dpIy” dp 1] dRpp
d ~ dt ~ dt | dt (4.92)
or
ds 1" 91" (q)dq (493)
di ~  dq dt’ '
ds 1" 01" (q)dg A9a)

dt oq dt’

dgly” 015" (@)dg

(A QR\



dt dq dt’

\n.osuy

where dj(q)/0q € R3*", j= I(lBi), I(zBi)’ 1(331'),

49,
By using (A.57) and (A.91)-(A.95), the following equations are
obtained
.I(Bi) d .I(Bi)
Bit1 ) Bify ()
T Rppp(wy,p X 1), P Rppp(wy,p X 1),
N ,
—— = Rip (@), X I5), (A.96)
implying that
dB,-I(Bi)
Ry dtl - _wg,-)rl X I, (A.97)
dp 1"
i _ ()
BRI 3 = ~Wp,; X I, (A.98)
dB,-I(Bi)
RBlQ] d; = —a)gi)ﬂ X I3, (A.99)
where wgl?ﬂ — wg,.)ﬂ(q, dq/dr) denotes the angular velocity of the

body reference frame B; with respect to the inertial reference

frame I, expressed in the inertial reference frame I.

50. The angular velocity a)%B_")I is represented as follows ((A.86)-

(A.88), (A.81)-(A.84))

nB) gy dq

J— /(A 1NN
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WB,'FI — UpJ’E, \n.1Uv)

where U, =U,iq) € R3>”. From (A.100) it follows that

aw(éi)
U, = —= (A.101)

oq

The inertial velocity and acceleration of the center of mass of rigid
body i is obtained from (A.9),

d;r'D or'd
po = U dg o, 4 (A.102)
! dt oq dt " dt

dp'? 2P 2
ol = v _ario g dq (A.103)

=Ll =U,— +a,

dt dr? “ae e
0 _ D 3 .= . 3xn

where 0 = (g, dg/dr) € R?» Uz = Uri(q) € R™,

a\ = a\"(q,dq/dt, d*q/dr*) € R*, &; = @i(q,dq/dr) € R*. From

(A.102) it follows that

U,, = = —. A.104
: 94 9 ( )
For the multibody system consisting of N rigid bodies, Eq. (A.9)
and Egs. (A.102), (A.103), are represented as follows
r = r(q), (A.105)
dq
y =U,—, A.106
7 ( )
d’q _
a :UTW + a, (A.107)



where

0
r=y|: |, (A.108)
0))
Iy
1
V(l) UT,I
v=|:|, U, = o, (A.109)
VE\I/) UT,N
o al
a=|:1|, a=|:1, (A.110)
ag\l,) (_lN

reR¥WN, reR¥W, U, e RN, ge R, ae R

53. By using (A.54), the angular acceleration of body reference frame
B; is defined as the time derivative of the angular velocity w;’ 2 :
r

i

(A.100), in the inertial reference frame I as follows ([10])

()
0)) :deBirI
! dt
B;
dI(RB,QIwEgir)]
B dt
d _w(Bi)
i Birl (B; (Bj)
BT +R312](wBirI X Wp.p
B
dBiw(Bir)I
—A\B2] )
: dt
dB.a)(Bi)
(Bi) _ (n _ 2 Birl Al11
:>G,’l. =NKppld. = —, ( )
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d*q
' dr?

where a(Bi) = a’gBi)(q, dq/dt, d2Q/df2) € R3’

i

=a™ = U, + @, (A.112)

@; = @,(q,dq/dr) eR°.

For the multibody system consisting of N rigid bodies, Egs.
(A.100), (A.112), are expressed as follows

dq
w=U,—, A.113
d’q
a :UPW + @, (A.114)
where
(B1) -
a)BllrI Ui
w = : U= + |, (A.115)
(By)
Wg 1 Upn
CL’(IBI) _C_l’l
=\ i [, @=|:|, (A.116)
CL’E\?N) _C_L’N
weRN, U, e ROV, @ e R, @ e R¥.
It is assumed throughout that
Oci4 = Ao, (A.117)

where Bs; denotes an open set containing the admissible values
for the vector of generalized co-ordinates ¢ (see Chap. 2 for

practical example).



06.

o7.

o8.

Equations (A.106), (A.113), are expressed as follows

1% dq
= U=
L)] e (A.118)
where
U.
U = [Up]’ (A.119)

U=U(g) € RONxn In this work, it is assumed that the

deneralized co-ordinates ¢, (A.5), are selected such that n < 6N

and the matrix U, (A.119), has full column rank , that is,

n<6N and RankU) = n. (A.120)

Since the matrix U has full column rank, (A.120), it follows that

the linear transformation (A.118) is one-to-one (pp. 583-584,
[80]).

Thus, given a value for the left-hand-side of (A.118). It follows that
the inverse transformation yields a unique vector dp/dt given by

dq 1%

i UTU —IUT

i ( ) [w] (A.121)
(Theorem 11.5.1, pp. 144-145, Lemmas 9.2.8,9.2.9, pp. 116-117,
[80]).

By using (A.120) it follows that (UTU)~! is a 51(0) symmetric

positive definite and invertible matrix that has rank n (Corollary
14.2.14, pp. 214-215, Egs. (2.4), (2.5), p. 82, Theorem 13.3.7, p.
188, [80]). From the above it follows that (UTU)~"'U" isa n X 6N

rectangular matrix that has full row rank,
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Rank (UTU)'U™) = Rank (U") = Rank (U) = n (A.122)
(Lemma 8.3.2, p. 83, [80]). However, the matrix (UTU)~'U" does

not have full column rank (except in the case where n < 6N).

Thus, the linear transformation (A.121) is in general not one-to-
one.

The motion of the multibody system is subject to a total of m
nonholonomic and holonomic velocity constraints (or kinematic
constraints ). It is assumed that all the velocity constraints are not
explicit functions of time and that they are ideal ([10, 51, 73, 81,
107, 124,129,137, 147, 155]). By using (A.5), (A.6), and (A.105),
(A.106), (A.113), the velocity constraints are expressed from the
outset in terms of the vector of generalized co-ordinates ¢, and

the vector of generalized velocities ¢, (A.6), as follows

mipo = Myp. (A.123)
where G = G(gq) € R™" is the velocity constraints matrix,

{rer(1). Note that the time derivative of each geometric constraint

results in a holonomic velocity constraint that is part of the
velocity constraints (A.123).

It is assumed that each element of the matrix G is a smooth
function of ¢, L, > 0, (A.117). The initial conditions of the
multibody system Xp,, and Xp,, satisfy the velocity constraints
(A.123),and ¢(0) € Py, (A.117). Henceforward, only admissible
motions of the system that satisfy q(z) € P, forall ¢ > 0, are
considered.

It is assumed that (Gy) = 11 is equal to a constant value «, that
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is,
Rank (G) = rg = fixed integer € {1,2,...,m}. (A.124)

It follows from (A.124) that the velocity constraints (A.123) may
not be independent,

ré¢ < m. (A.125)
The velocity constraints (A.123) are independent if

r¢ < m. (A.126)
The velocity constraints (A.123) are not independent if

r¢ < m. (A.127)

The relation between the dimension of the null space of G,

Rank(G), and (Gy) = 11 is given by (Theorem 31, p. 281, [126])

Rank (G) + Dim (Null (G)) = number of columns of G = n.(A.128)
Using (A.124), (A.128), it follows that
Dim ( Null (G)) = n, = n—rg. (A.129)
The kinematic model of the constrained rigid multibody system is
derived by using the velocity constraints (A.123). Let p, denote
the vector of 03 independent generalized velocities ((A.129))
given by
Py = [Psty Ps2seees Pin]'s (A.130)
pPs € R Each element of p; is set equal to an appropriately

chosen unique element of ¢ as follows (Sect. B.3.1)

1T = OCn O c RXN (A 1212
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Fs — LPSLy PSZys=ss PSNgl — “SPo s o~ e ) \e1uU 1y

such that

Rank (lg]) = rg+n, = n. (A.132)

One possible approach for selecting the elements of p; is to set
them equal to the elements of ¢ that are directly associated with

or directly actuated by the applied forces and torques, and such
that (A.132) holds (see Chap. 3 for practical example).

Let p; denote the associated vector of 3 independent

gdeneralized co-ordinates obtained from (A.131) as follows

_dgq,
dt’

Py q;, = [Qsla qs2s s CIsns]T = qu (A.133)

Equations (A.123), (A.131), are solved for ¢ in terms of p;, and
the solution is expressed as follows ([65], Sect. B.3.1)

p = Sps, (A.134)
where § = S(g) € R is the null space matrix and satisfies the
following equation

GS = 0y, (A.135)
It follows that the expression for ¢, (A.134), solves the

homogeneous equation (A.123) representing the velocity
constraints ([65]). It is assumed that the derived expression for ¢,

(A.134), is valid for all L, > 0, (A.117). Thus, the kinematic model

of the constrained rigid multibody system is given by (A.134).

- - —~
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The vectors corresponding to the columns ot the matrix S span
the null space Rank(G). By using (A.129), it follows that the

matrix S has full column rank ,

Rank (S) = n,. (A.136)
The mathematical form of the null space matrix S is generally

different for each particular choice of the vector of independent
generalized velocities py, (A.131). This implies that the form of

the kinematic model, (A.134), is not unique ([82, 99, 107]).

The acceleration kinematic model is obtained by taking the
derivative with respect to time t of (A.134),
d_p B Sdps dS

= —p.. A.137
dt dt * dtps ( )

For later use, the velocity constraints (A.123) are converted to
acceleration constraints by differentiating with respect to time t

the left-hand-side of (A.123),
dp dG
— 4+ —p = 0,x1. A.138

The vector of generalized accelerations dp/dt given by (A.137),
and the vector of generalized velocities ¢ given by (A.134), jointly

satisfy the acceleration constraints, (A.138), as follows (and using
(A.135))

(A.139)
dp dG . dp, _dS  dG
Gdt " dtp_GS dt +Gdrps+ dtSps
dS dG
=(6= +=s
( dar )ps
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The virtual displacement Bs associated with the velocity

constraints (A.123) satisfies the following equation ([10, 51, 73,
81,107,124, 147, 155, 168])

GS5q = 0,1, (A.140)
where Vg,,,4(7). It follows from (A.140) that Bs is constrained to

lie in the null space of the velocity constraints matrix G.

By using the kinematic model (A.134) an expression for the
virtual displacement Bs is obtained as follows ([51, 73, 107])

oq = Soq,, (A.141)
where 04 is the independent virtual displacement associated
with py, (A.133), 64, is not constrained, &g,(Zfir.). Since the
matrix S has full column rank, (A.136), it follows that the linear

transformation (A.141) is one-to-one (pp. 583-584, [80]). By
employing (A.141), (A.135), Eq. (A.140) can be obtained as
follows

Goq = GSOq, = 05,09, = 0,1 = Goq =0,1. (A.142)

The virtual inertial position change of the center of mass of rigid
body i, U,, and the vector of virtual infinitesimal rotations of the

body reference frame B;, Qc, are related to the virtual

displacement Bjs as follows ((A.104), (A.101), p. 476, [10], Chap.

A TOT11\
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%, 1O1])

or'D o'
or,=——06q = ——6q = U.;0q, (A.143)
oq 0q ’
(B))
awB,-rI
60,‘ = aq 6q = Up,iéq, (A.144)

where §r; € R3, 80; € R?. Note that U, is expressed in the

inertial reference frame I, and Q¢ is expressed in the body
reference frame B,;.

For the multibody system consisting of N rigid bodies, Egs.
(A.143), (A.144), are expressed as follows

or =U,dq, (A.145)
80 =U,5q, (A.146)
where
or 60,
or = 2], 00 = N (A.147)
51’]\/ 69}\/

or € R3V, Q,, = R?,and ms, U, are given by (A.109), (A.115),

respectively. Equations (A.145), (A.146), are expressed as follows

or
[69] = Udq, (A.148)

where U is given by (A.119). Since the matrix U has full column

rank, (A.120), it follows that the linear transformation (A.148) is
one-to-one (pp. 583-584, [80]).
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Thus, given a value for the left-hand-side of (A.148). It follows that
the inverse transformation yields a unique virtual displacement
Bs given by

Tl | O
oq=U U)"'U [60] (A.149)

(Theorem 11.5.1, pp. 144-145, Lemmas 9.2.8,9.2.9, pp. 116-117,
[80]). However, as mentioned above, the linear transformation
(A.149) is in general not one-to-one.

The velocity constraints of the multibody system expressed in
terms of the variables v and m are as follows ([81])

G, [v] = 0x1, (A.150)

w
where G, = G(q) € R™MX6N Equation (A.123) expresses the

velocity constraints in terms of the variables ¢ and p = dq/dt,

and can, in principle, be obtained by applying the one-to-one
linear transformation (A.118) to Eq. (A.150) as follows ([81])

d
GlUd_? :0m><l, (A.151)
= Gp =0,%1, (A.152)

where p = 0;5y;.
Furthermore, it follows from (A.150) that a;, 60, satisfy the

following equation ([81])
(A.153)

~lor] 4
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Equation (A.140) expresses the constraints on the virtual
displacement Bs, and can, in principle, be obtained by applying

the one-to-one linear transformation (A.148) to Eq. (A.153) as
follows ([81])

G,Uéq =01, (A.154)

= GS5q =0,1. (A.155)

Appendix B

Lagrange Equations for Constrained Rigid
Multibody Systems Subject to Velocity
Constraints that May Not be Independent

This Appendix presents some elements of the dynamics of constrained
rigid multibody systems. The d’Alembert-Lagrange principle is applied
in order to extend the Lagrange equations for the case of constrained
rigid multibody systems subject to velocity constraints that may not be
independent.

B.1 Dynamics of Constrained Rigid Multibody Systems

This Section summarizes some elements of the dynamics of constrained
rigid mutlibody systems and builds upon the material on kinematics
presented in Appendix A. The results are obtained mainly from [5, 7,
10,13, 38,51, 63, 64, 66,73, 81,94, 107, 125,137, 147,153, 168, 178,
181, 215]. Some related results and applications are given in [36, 39,
50, 74-76,93,117,129, 150, 154, 167,172, 179, 214]. The
assumptions, results and methods employed are as follows.

1. The earth is a sphere with a uniform mass distribution, is non-
rotating and is considered to be an inertial reference frame I with



an associated co-ordinate system (X, Y, Z).

A very small part of the surface of the earth is assumed to be
locally flat and all rigid bodies move on or very close to this part
of the surface of the earth. The origin of the inertial co-ordinate
system (X, Y, Z) is fixed on the locally flat surface of the earth, the
inertial (X, Y) plane is parallel to the surface of the earth and the Z
axis is pointing upwards.

The gravitational acceleration is constant and is given by ([12])
agr)av = _g139 (B]-)

where g = 9.81 m/s?2.

As stated in Appendix A, it is assumed throughout that L, > 0,
(A.117).

It is assumed that the constrained rigid multibody system is
disassembled into separate rigid bodies by removing all the
constraining joints and contacts, and by replacing them with the
relevant constraint forces and constraint torques acting on each
separate rigid body ([10, 81, 107, 131, 144]). Some texts refer to
the above process as the principle of constraint release (p. 267,
[107]).

In addition, the elements exerting applied forces and applied
torques on the rigid bodies are removed and replaced with the
relevant applied forces and applied torques acting on each
separate rigid body. The applied forces and torques are exerted by
actuators, springs, dampers, etc, and are assumed to be specified
as functions of ¢ and dp/dt ([10, 81]).

Lastly, the earth’s (resultant) gravitational force acting at the
center of mass of separate rigid body i is given by ([12])

F" = _mgl;, (B.2)

grav,i

wwrhAann ﬂ) io thAa nAanoctant maco Afnirid haAdsr: . ﬂ
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Thus, all the forces and torques acting on each separate rigid body
are classified as constraint forces and torques or as applied forces
and torques or as the gravitational force. The above-mentioned
collection of separate rigid bodies together with the forces and
torques acting on each separate rigid body is referred to as the
free-body diagram of the constrained rigid multibody system ([ 10,
131, 144]).

The resultant applied force and torque, and the resultant
constraint force and torque acting on separate rigid body i are
equal to the vector sum of the individual applied forces and
torques, and to the vector sum of the individual constraint forces
and torques acting on separate rigid body i, respectively, and are
denoted as follows.

FX)' denotes the resultant applied force acting at the center of
N
mass of separate rigid body i, and T;Bg? denotes the resultant

N/

applied torque acting about the center of mass of separate rigid
body i.

F(CI)‘ denotes the resultant constraint force acting at the center of
0
mass of separate rigid body i, and TI(L‘BO denotes the resultant

,

constraint torque acting about the center of mass of separate rigid
body i.

The resultant constraint force and torque F(cl‘ ) and T;B{) are such
1 J

that the motion of each separate rigid body i is identical to its

motion when it is part of the constrained rigid multibody system

satisfying all the velocity constraints (A.123).

The resultant constraint force and torque F(CI)' and T;B{) are not
R J
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known.

It is assumed that the resultant applied force FX ) and the
J

resultant applied torque TZB{) are sufficiently smooth functions of
J

q, dp/dt,
F =F(q,dq/dr) € R, (B.3)
TV =T'’(q.dq/dr) € R®. (B.4)

The resultant applied torque TI(L‘B{) is equal to the sum of the
J

following torques.

a.
The sum of the torques about the center of mass of separate

rigid body i resulting from the applied forces acting on
separate rigid body i.

The sum of the pure applied torques acting about the center
of mass of separate rigid body i.

The free-body diagram is useful in determining expressions for
the resultant applied force FX)~ and the resultant applied torque
0

TilBg) in terms of specified applied forces and torques acting on
i

separate rigid body i (see [10, 81, 147, 181], and example in Chap.
2). The resultant applied force F;’)_ and the resultant applied
J

torque TZB{) are required in the computation of the vector of
.1

generalized applied forces Q4 that appears in the d’Alembert-

Lagrange principle and in the Lagrange equations.
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In order to simplify the presentation the following notation is
introduced

() (B1) ()
FA,I TA,I Fgrav,l
Fy = : , Ty = : s Fgrav = : s (B.5)
() (BN) ()
FA,N TA,N Fgrav,N

where F, € R, T, € R%, Fy4, = Fya(q) € RV

It can be shown that the virtual work of the applied forces and
torques acting on separate rigid body i is given by ([10, 81, 147,
181])

SWai = Or)"FQ, + (86)'Ty?, i=1,2,..N,  (B6)
where the U, Oc, (X, Yp;, Zp,), satisfy Eq. (A.153), and using
(A.147).

By applying (A.143), (A.144), the virtual work 7,13, (B.6), is

expressed in terms of Bs as follows

5WA,1' :(5q)TU;|:lF£4I,)z + (6q)TU/-)r,zT(Alel)

=6q)"ULFY, + UL TV, i=1,2,..,N,

,1

(B.7)

where Bj satisfies (A.140).

By using (A.145)-(A.147), and (B.5), the total virtual work of all
the applied forces and torques acting on the N separate rigid
bodies is given by ((B.7))

N
SWa = 6Wa,
=1
N
—snT N e T By (M Q)



20.

21.

—\vy) : \UT,illA,i T Up,i‘ A ) .Uy
i=1

=(5q)T(U:FA + U;TA)
:(6q)TQAa
where Bjs satisfies (A.140), and Q, is the vector of generalized

applied forces . Thus, it follows from (B.8) that Q4 is given by

Q, = UFy + UjT,, (B.9)
Q. =0,(q,dq/dt) € R", (B.3)-(B.4).

The vector of generalized applied forces Q4, (B.9), can generally
be expressed as the sum of two terms as follows ([154])

0,4 = Qus + Baltconrol (B.10)
where Q,, = 0,,(q,dq/dt) € R" is given as a function of ¢ and
dp/dt, B, = B,(q) € R™™¢ is given as a function of ¢, m. = 4,
and ? = tp;c1 = 0 is the vector of applied forces and torques. The
vector ey is also referred to as the vector of control inputs

and is used to control the constrained rigid multibody system. In
some practical applications the number of control inputs, m,, is

equal to the number of independent generalized velocities, J3,

rg < m. (B].].)

(see (A.130), (A.131), and the derivations for the mobile ADS in
Chap. 4).

The angular momentum of separate rigid body i about its center
of mass and expressed in body reference frame B;, (81, is given
1

bv (p.423.[10]1. Chap. 5. [811)



v “a . - L

Bi) _ qB), (B)
LY = 5wl (B.12)
where 1% = 1)(g dq/dr) e R} and g'%) ¢ g3x3 denotes the

constant inertia matrix of separate rigid body i about its center of
mass and expressed in the body reference frame B;. The inertia

i (Bi) j i (Bi) _ (B)) itiv ini
matrix :]l 1S syminetric, 5{1 (:]’l ) ,and positi edeflnlte,

22.

By using (A.56), the time derivative of the angular momentum of
separate rigid body i, 78/, in the inertial reference frame I, and
l

expressed in the body reference frame B;, is given by

dIngB,) dJﬁ ) '8

Bl (B.13)
dt dt
- (B))
d[L(.B’) B dBi(l)BilI B. B. B
= —— = I — oy x (T gy, B
23.
For later use, define the following block-diagonal matrices
m = dlag (m1]3,...,mNI3), (B.15)
- B B
J =diag (3, ... TG, (B.16)

where j € R3V3N, g ¢ RINV}3N,

24. Since the matrices m;Z; and j(Bi), (X, Yp.,Zp,), are all
l



25.

26.

27.

28.

symmetric and positive definite, it follows that the block-diagonal
matrices ry, (B.15),and , (B.16), are also symmetric and

positive definite
m=m', detm)>0, J =9, det(J)>0 (B.17)
(equations (3.3), (3.5), pp. 186-187, [80]).

Let k,,, denote the following block-diagonal matrix

B.18
(R (B.18)

M, € R®V*6N  Then it follows from the above that the block-

M, - l m 03N><3N]’

diagonal matrix k,,, is symmetric and positive definite

My = M, det(M,) > 0. (B.19)

The gravitational force given by (B.2) is conservative. It follows
that the (gravitational) potential energy of separate rigid body i,
V;,is given by ([12])
VYV, = m,-grg). (B.20)
where ;) denotes the vertical or Z co-ordinate of the inertial
174

position of the center of mass of separate rigid body i.

The sum total of the potential energies of the N separate rigid
bodies is given by

N
Vi = Y Vi (B.21)
i=1

The kinetic energy of separate rigid body i is equal to the sum of

PR IOV VLD B DI SRRVEL S SSr SR [ SIS R B DL I e M



LIIE LI'dI1S1dlolldl KlIleLlll ellergy dild ule roiduolldl Kieuc energy ,

and is given by ([10, 73, 81, 107, 147, 155, 168])

| | . . .
E = E(vgl))Tm,-IﬂED + E(a)g?;)l le(-Bl)a)gf;)l. (B.22)
29. The sum total of the kinetic energies of the N separate rigid bodies
is given by ((B.22), (B.15)-(B.18))
(B.23)

M

g
I

o

~
Il
—_

1 1 1 1 B; B; B;
(o mEs + 3@y o)

i=1 2
1 T T
ZE (v my + w Ja))
ELTE m 03N><3N”V]
_2[v - ][03NX3N J ||w
1
—— " 0 M, H
2 w

Sior = E1or(v, ) € R. Since the matrix k,,, is positive definite,
(B.19), it follows that the total kinetic energy &, of the

multibody system, (B.23), is always positive, that is,



Ewr >0 for all l:;] Z# Oenx1- (B.24)

30.
The total kinetic energy &, (B.23), is expressed in terms of ¢,

dp/dt, by using (A.106), (A.113), as follows

s -L(d T(UTmU +UIIU,) q

TNy T (8.25)
1 (dq\' dq '
——|=| (U MU)[=
Z(dt) ( 0 )(dt)’

=& —ld—qTMd—q—lTM (B.26)
or T o\ dr ar) = 2P VP '

where
M =UmU,+UJU, = U MU, (B.27)

M = M(q) € R™" is the mass matrix, &,,; = E/(q,dq/dt) € R.

31.
The matrix k,,, is symmetric and positive definite, (B.19).

Furthermore, since it is assumed that the matrix U has full
column rank, (A.120), it follows that the matrix M = U'M,U,
(B.27), is also symmetric and positive definite, that is,

M = M", dettM)>0 and M ' exists (B.28)

(Theorem 14.2.9, p. 213, [80], and Theorem 4.2.1, p. 140, [71]).
32. Since the mass matrix M is symmetric and positive definite,

(B.28), it follows that the inverse of the mass matrix, 7!, is

.



33.

34.

35.

symmetric and positive definite, that is,
Psphk = ||rM2targ,k” Sin(¢cone0), k=1,2,.., ng. (B.29)
(equations (2.4), (2.5), p. 82, and Theorem 13.3.7, p. 188, [80]).

It follows from (B.26), (B.27), (B.28), that the total kinetic energy
Eor expressed in terms of g, dp/dt, is always positive, that is,

d
Ew >0 for all d—cf # 0,%1. (B.30)

Let ¢, and g, denote the following vectors ([10, 41, 73, 107,
129, 147, 155, 168])

d (aamt) 0E  d (a&m) 0E:0 |
W, =|— - - —

dt\ dg, dq1 " dt\ 0, 0q
- 1T (B31)
_ é a(c;tot . aatot ﬂ 68tot _ a(c;tot
- hdl‘ op, 0q U dr Opn g, | ,
Vi Vil
W, =[ o ”] , (B.32)
GQI GQn

where W, = W,(q,dq/dt,d?*q/dt*) € R", W = W3(q) € R", and
Eror, Vior, are given by (B.26), (B.21). It follows from (B.31),
(B.32), (B.26), (B.21), that W + W, simplifies to the following

form
d*q dp
Wi+Wo, = M—+H = M—+H, B.33
1 2 2 o7 ( )

where M is given by (B.27),and H = H(q,dq/dt) € R".

It is assumed that the d’Alembert-Lagrange principle holds and is



36.

37.

38.

given by ([5, 7, 10, 13, 35, 36, 38,41, 51, 66, 73, 81,99, 107, 124,
129,137,147,153, 168])

6q)' (Wi +W,-0Q,) = 0, (B.34)
where Bjs satisfies (A.140), and Q, is the vector of generalized
applied forces given by (B.9).

Using the same methodology that was applied to obtain (B.9), the
vector of generalized gravitational forces Q,,, is given by

Qoo = Ul Fgra, (B.35)
where Vrgg is given by (B.5),and Q,,,, = @,,.,(¢) € R". Note

that in (B.33), the term H includes the term ~Qrav-

By using (B.33), (B.34), the d’Alembert-Lagrange principle is
expressed in the following form

T dzq
(0q) (Mﬁ + H - QA) = 0, (B.36)

where Bj5 satisfies (A.140).

By using the relation (A.141), the d’Alembert-Lagrange principle
(B.36) is expressed in terms of the independent virtual
displacement d¢q, as follows ([73, 107, 129])

(6g,)"S" Mdz—q H - =0

Since 04 is not constrained, Eq. (B.37) must hold for all

Agun(t fire) . Thus, the following equation must hold at each time t

2
('T/Md_qJ_n_n\l_n . /D 20\



39.

40.

[® ] N2 B YLEE ¥ S V4 — VpgXl- \D.00)
\" dr2 e

In [51], the d’Alembert-Lagrange principle is developed for the
cases of nonlinear nonholonomic velocity constraints and
acceleration constraints. The approach in reference [51] is to
differentiate with respect to time in order to convert velocity
constraints to acceleration constraints, and acceleration
constraints to third order constraints. It is stated in [51] that the
derivation of the above-mentioned results constitutes a proof of
the Chetaev principle that was previously applied in the literature
as an axiom (that is, without formal proof).

Consider the case where the actual motion trajectory of the
constrained rigid multibody system is obtained via precise
experimental measurements over a finite time horizon #s;.. + 4y

and denoted by
dq(r) d*q(1)
q(1), 7 ae | t € [fo, trin],  fo < IFIN. (B.39)

Then, the measured motion trajectory (B.39) satisfies the
following at each time t.

a. The d’Alembert-Lagrange principle (B.36), (A.140), or
equivalently Eq. (B.38), that is,

ST (Md*q/d* + H—-Q,) =0,

The velocity constraints Gdq/dt = 0,1, (A.123) (that is, the

expression on the left-hand-side of (A.123) evaluates to the
zero vector 0,1 ), and thus the acceleration constraints

Gd*q/dr* + (dG/dt)dq/dt = 0, (A.138).

The kinematic model dq/dt = Sdq,/dt, (A.134), and thus the

acceleration kinematic model,
Aald2 — QA24 1A2 L (ACIANAA 1A+ (A 127)



u yjur — JuUu (IS/LLL T\Mulubjqulubf \EXe s 7)o

d.
The conditions L, > 0, (A.117), Rank (G) = rg, (A.124),

Rank(G) =11, (A.136).

B.2 Lagrange Equations for Constrained Rigid Multibody
Systems Subject to Velocity Constraints that May Not be
Independent

A number of references ([10, 36, 107, 129, 147,172, 179]) deal with the
dynamic modelling of constrained rigid multibody systems whose
motion is subject to independent velocity constraints in the form of
(A.123), where rg = m, (A.124).

In [62], the Lagrange equations are extended for constrained rigid
multibody systems subject to velocity constraints that may not be
independent. The derived Lagrange equations are given by

d’q .
MW—I_H = QA-I-G A, (B.40)

and by the velocity constraints (A.123), where A is the vector of

Lagrange multipliers, 4 € R™.

Theorem B.1 Lagrange Equations for Constrained Rigid
Multibody Systems Subject to Velocity Constraints That May Not be
Independent Given a constrained rigid multibody system satisfying the
assumptions and properties presented in Appendix A and Appendix B.
The measured motion trajectory of the constrained rigid multibody
system denoted by Fyqy Ju1 = Jio d?q(t)/dt?), Py = Pcone,k, satisfies

at each time t the d’Alembert-Lagrange principle, that is,

d’q .
(Mﬁ-l_H_QA) 6q = 0, (B.41)



where Bjs satisfies (A.140), if and only if there exists a vector A called

the vector of Lagrange multipliers, 4 € R™, such that

d’q .
MW—I_H = QA+G A, (B.42)

Proof The Proof of Theorem B.1 consists of two parts.
Part 1: Equations (B.42) and (A.140) imply Eq. (B.41).
By substituting the expression for the vector Md?q/dt* + H — Q N

(B.42), into (B.41), and by using (A.140), it follows that

dzq T TNT
(MW +H-0,) 6q=(G 1) oq
={G5‘I (B.43)
=A Omxl
0.

Part 2: Equations (B.41) and (A.140) imply Eq. (B.42).
The Proof of Part 2 is given in the following steps. Certain results
from linear algebra are included for greater clarity.

1.
Let J.,ss = 0 denote a column vector containing the elements of

the ith row of the matrix G, (A.123), X(¢;?fire, Xo). Then the row

space of the matrix G is given by ([126])

Row (G) = {x eR": x = wig, | +wyg.,+..

W& Wi €ER, i =1,2,...,m}. (B.44)

2. Since the column vector J,.,;; = O contains the elements of the ith

column of the matrix G, X(; fire, Xo), it follows that the

column space of G' equals the row space of G ([126])



Col (G") = Row (G). (B.45)

It further follows that (Corollary 30, p. 281, [126])
Yo = kmpY, Lo = kmgl, (B.46)

In addition, it can be shown that (Theorem 21, p. 537, [126])
Rank (GG") = Rank (G') = Rank (G). (B.47)

The column vectors J.,;; =0, i = 1,2, ...,m, span the row space

P = 0;54; and the column space Col (G") ([126]), and are in
general not linearly independent since

Rank (G") = Rank (G) = rg < m, (A.124).
Given a vector ¢ € R" that lies in the column space Col (G").

Then it follows from (B.44), (B.45), that there exists a vector
w € R" such that ([126])

G'w = x. (B.48)
The vector y; that satisfies (B.48) is in general not unique since

Rank (G") = Rank (G) = rg < m, (A.124).

The null space of G is given by ([126])

Null (G) = {y eR": Gy = 0,1} (B.49)

From (B.49), (B.44), (B.45), it follows that all the vectors in the
null space Rank(G) are orthogonal to all the vectors in the

m



10.

11.

12.

column space Col (G')-

Thus, the orthogonal complement of the null space Rank(G)

equals the column space (Col (GT), and is denoted as follows

(Theorem 14, p. 516, [126])
(Null (G))* = Col (G"). (B.50)

From (A.140), (B.49), it follows that Bjs lies in the null space
Rank(G). Furthermore, Eq. (B.41) implies that the vector
(Md*q/dt* + H - Q,) is orthogonal to Bs. Thus, from the above

it follows that the vector (Md?q/dt*> + H — Q,) liesin

( Null (G))* and hence in the column space Col (G"), (B.50).

Thus, given the vector (Md?q/dt* + H — Q,) € R", there exists a

vector A called the vector of Lagrange multipliers, 4 € R™, such

that ((B.48))

d’*q _ T
Mﬁ-l-H = QA‘l'G A, (B.51)

The vector of Lagrange multipliers A that satisfies (B.51) is in
general not unique since Rank (G') = Rank (G) = rg < m,

(A.124).
If the velocity constraints are independent, that is, rg = m, then

the vector of Lagrange multipliers A that satisfies (B.51) is unique



and is given by
d*q

1= (GGH'GIM
(GG") (dt2

+ H — QA) (B.52)

(Theorem 11.5.1, pp. 144-145, Lemmas 9.2.8,9.2.9, pp. 116-117,
[80]).

13.
If the velocity constraints are not independent, that is, rg = m

then the vector of Lagrange multipliers A that satisfies (B.51) is

not unique. =

Thus, the Lagrange equations are given by

4 g -, 4672
Mﬁ + = QA + R (B.53)
and the velocity constraints ((A.123))
dq
— = 0,x1- B.54
dt x1 ( )
The vector of generalized constraint forces Q¢ is defined as follows
([1471)
d2
Md_tg +H = Q4 +0c, (B.55)

where Q- = [Qc1, Oca, ..., Qcal” € R". By using (B.33), (B.27),

(B.9), a unique vector of expressions is derived for the right-hand-side
of (B.55) as a function of ¢q, dp/dt, y ¢ R3N. Thus, the vector of

generalized constraint forces Q¢ is equal to a unique vector of
expressions, implying that

Q. 1s unique. (B.56)



From (B.51), (B.55), it follows that

Qc = G'A, (B.57)
As mentioned above, given G and Q¢ in (B.57), the vector of Lagrange
multipliers A that satisfies (B.57) is in general not unique since

Rank (G") = Rank (G) = rg < m, (A.124). However, since the vector

of generalized constraint forces Q¢ is unique, (B.56), it follows from
(B.57) that
the product G'A is unique. (B.58)

If the measured motion trajectory of the constrained rigid mutlibody
system, (B.39), is substituted in the expressions on the right-hand-side
of (B.55) then at each time t the expression Md’q/dt* + H — Q,

evaluates to a unique real vector in 7; representing the vector of
generalized constraint forces Q¢. Thus, a total of n generalized

constraint force components are obtained at each time t.
If there are no velocity constraints, (A.123), on the motion of the
multibody system then it follows from (B.41), (A.140), that the

Lagrange equations are given by
d*q
MW—FH = QA' (B.59)

B.3 On the Solution of Consistent Simultaneous Linear
Equations
Consider the following problem. Compute the vector m; > 0 satisfying

the following set of consistent simultaneous linear equations (SLEs)

Ey = x, (B.60)



where the matrix E € R"™" and the vector x € R are specified. Note

that the variables m, n, 03, are used in this Section generically.1 The
given SLEs, (B.60), are consistent implying that ([126])
Rank ([E : x]) = Rank (E). (B.61)
The matrix Z does not necessarily have full rank, that is,
Rank (E) = rg €{1,2,...,min(m, n)}. (B.62)
The homogeneous system associated with (B.60) is given by
Qc = G'2, (B.63)
where y € By. The null space of Z is the solution set of the

homogeneous system (B.63) ([65]). The relation between the
dimension of the null space of Z, Dim ( Null (E)), and (I, I, I5) is

given by (Theorem 31, p. 281, [126])
Rank (E) + Dim ( Null (E)) = number of columns of E = n.(B.64)

Using (B.62), (B.64), it follows that
Dim (Null (E)) = ny, = n—rg. (B.65)

If {e¢(t) and Rank P(Z) ;i) then the SLEs, (B.60), have a unique
solution. In addition, if {,.(f) and Rank (E) = n then the SLEs have a

unique solution. In the following cases the SLEs have an infinite number
of solutions ([65]).

1.
Crep(t) and m, = 1.

2.
Crep(t) and m, = 1.

3. Crep(t) and m, = 1.



4,
gref(t) and Y1 € R.

In the above-mentioned cases the solution set of (B.60) consists of a
deneral solution given by ([65, 80])

Ysot =Yp T Yo (B.66)
where @ denotes a particular solution of (B.60), & ,.¢(f), and B;
denotes a general solution of the homogeneous system (B.63), K, > 1
([65, 126]). In order to simplify the presentation, B; will be referred to

as a homogeneous solution, (B.63). In the sequel, two alternative
methods are presented for determining a general solution of (B.60).

B.3.1 On the Solution of Consistent SLEs by Partitioning the
Variables into Independent and Dependent Variables

The basic methodology for computing a general solution of (B.60) is as
follows.
First, select 03, (B.65), of the elements of { to be independent

variables and group them into a vector 0, as follows

y; = Ciy €RY, (B.67)

where C; € R"™*" and such that

Rank ([E]) = ng+rg =n. (B.68)
C;

The remaining (£) = n elements of { are the dependent variables and

are grouped into a vector T'; as follows

yp = Cpy e R"™™, (B.69)



where Cp € R"” 7" Thus, each element of 6, and of T, is equal to a

unique element of .
Second, set the above-mentioned independent variables ¢, equal to

03 parameters Jp;ri(€r(wy)), leading to the following linear system in

4

»
w
Cy=w=|"|€eRrm (B.70)

_W”s_
Third, construct the augmented matrix D(k) associated with the joint
linear systems (B.60) and (B.70) in , consisting of a total of p, € R
SLEs, as follows ([65])
E : x 1
Xoue = [Cz 5 w] e Rt x(ntl), (B.71)

Fourth, by applying elementary row operations, transform the matrix
D(k) to reduced row echelon form given by ([65])

In = R(rE+ns)><n : Yol = Rnxl

ergf _ [ ] eR(m+n5)x(n+1). (B72)

00n—rp)xn N | TR
Fifth, the expression for Bj( is obtained from the last column of the
matrix (Xp , and is assumed to be in the following parametric form

([65], (B.66))
Yoo = Y, +SW =y, = Sw, (B.73)

where § € R™"s is the null space matrix and det(M) > 0, and where



Eyp = X, (B.74)

Eyh = ESw = Omxnsw = 0,x1. (B.75)

The null space matrix S has full column rank and the 63 columns of S
are a basis for the null space of the matrix Z ([65, 126])

Null (E) = Col(S), Rank(S) = ny, = n—rg. (B.76)

The solution set of (B.60) is expressed in terms of (B.73) as follows

([65])
Hyy = s%%, Hjz = %% =, (B.77)

It follows from (B.67), (B.70), (B.69) and (B.73), that the solution for
the dependent variables T; can be expressed in terms of the solution

for the independent variables 0, and thus in terms of the vector of

parameters y; as follows

Yisot = Ws  Ypsol = CDysol - CDyp + CpSw. (B.78)
The particular solution @, and the null space matrix S have a specific
form or structure that depends on which elements of { have been

chosen to be independent variables, (B.67), (B.70).
For example, assume that the ith element of the vector { is selected

to be the first independent variable which is then set equal to T,
(B.67), (B.70). It follows that the ith element of @ will be equal to O,
and the ith element of B; will be equal to 7';. Thus, the null space
matrix S will have an ith row whose first element is 1 and all the

remaining elements are zeros.



In order to illustrate the above, and without loss of generality,
consider the case where the last 03 elements of { are selected as the

independent variables as follows

k Y1 | kyn—n5+1ﬁ
y = [yD] ’ yD = y.2 S Rn_nsa y] = yn_,./ls+2 S Rns, (B79)
i : :
| Yn—n | | Vn
Yr = Cly =W, CI = [Onsx(n—ns) EIns], (B.80)
Yp = CDya Cp = [In—ns : O(n—ns)xns] (B.81)

(and assuming that (B.68) holds). In this case, the resulting structures
of ag, B; and S are as follows

_ | Ip1 _ Y| _ S
yp - lonsxll’ Yn = !W] = Sw = lInS]w’ (B82)

where € R s € R" " and §, ¢ R®7s)*ns_ Thus, it follows
Yp1 Yhi 1

that
Y sol :yp + Y,
ypl Sl
= + w
01| | L ] (B.83)
w b
= Yisot = W> YDsol = ypl +S1W. (B.84)

If x =0, in (B.60) then a homogeneous system is obtained. In this

case, y, = 0,x1, (B.73), and a general solution of (B.60) is given by



Ysol = Sw. (B.85)

If {o7(t) and Rank P(Z) ;1), (B.60), then the SLEs have a unique

solution given by
Yoo = E7'x. (B.86)

The matrix inverse EF-! in (B.86) can be computed by first forming the
following special augmented matrix ([65])

Yaug = [E Im] S Rmx2m. (B.87)

Then, the reduced row echelon form of 7,(¢) is obtained and is given by

Yier = [Lni Egy] € R, (B.88)

The expression for the matrix inverse E~! is obtained from the matrix
ZBm)» (B.88), 7! = E.,

If {.r(¢) and Rank (E) = n, (B.60), then the SLEs have a unique

solution given by
Yoor = (ETE)'E"x. (B.89)

The matrix inverse in (B.89) is computed by applying the methodology
described by (B.87), (B.88).

The scientific computing systems Maple ([16]), MATLAB/MATLAB
Symbolic Toolbox ([110, 112]) can be used to practically perform the
above computations for cases where the elements of Z, ¢, in (B.60) are

numerical and/or symbolic expressions ([33, 91]).

B.3.2 On the Solution of Consistent SLEs by using the
Moore-Penrose Generalized Inverse

A particular solution of (B.60) having a specific property is presented
first. Thereafter, a general solution of (B.60) is given.



The particular solution of (B.60) that has minimum Euclidean norm
for any value of (I, I, I3), (B.62), is given by ([80], pp. 568-570,

[126])
y, = EMPx = unique vector in R", (B.90)

where EMP denotes the Moore-Penrose generalized inverse of the
matrix Z, gMP ¢ Rmm, || EMPy|| < lly,|| where 03 is any given exact

solution of (B.60), and ||c|| denotes the magnitude or Euclidean norm of

m; > 0 given by

lell = e+ ...+ . (B.91)

The Moore-Penrose generalized inverse EMP is unique and satisfies
the four Moore-Penrose conditions ([80], p. 570, [126]) as follows

1. EE"E = E (B.92)
2. EMPEEMP = EMP (B.93)
3. (EEM"T = EEM? (B.94)
3. (EEM"T = EEM? (B.95)

A generalized inverse of Z that satisfies only some of the Moore-
Penrose conditions 1. to 4., (B.92)-(B.95), for example, conditions 1., 2.
and 3., is denoted by E{!-2:3} and similarly for other combinations of
the Moore-Penrose conditions ([80]). All such generalized inverses are
not unique, except for gil.234 — gpMP,

A generalized inverse E'# is called a minimum Euclidean norm
generalized inverse of Z, and is not unique . However, the product
E'#4y is the minimum Euclidean norm solution of (B.60) (Theorem

20.3.6, pp. 497-498, [80]), and is unique, that is,



E'Yx = EMPy. (B.96)

If the matrix Z is square, {,.¢(t),and Rank (E) = m, then EM? equals

the ordinary inverse of Z, gMP — -1,
One method for computing numerically the Moore-Penrose
generalized inverse EMP is the following.

1.
Compute the singular value decomposition of the matrix Z, (B.60),

given by (Theorem 30, pp. 567-568, [126])
E = V,2V7], (B.97)
where V, € R™, V| € R™" are orthogonal matrices, the matrix

2 e R™" is given by

D : Or —r
3 = 0 Vx| (B.98)
O0un—rpyxre ¢ Oun—re)xm-re)
D, € R"EE is a diagonal matrix given by
D, = diag (oy,...,0), (B.99)

and where 0| > 03 > ... > 0, > 0 are the positive singular values
of Z,(B.60), y; € R, (B.62).

2. Compute the Moore-Penrose generalized inverse FM?P ¢ R#»<m as

follows
EM" = v, zMPy], (B.100)

where the matrix 3MP ¢ Rmxm is given by
yMP _ D, 1 b Orpxn-rp)

) (B.101)

00—rexre F Omrg)xim—rp)



and A is the diagonal matrix specified in (B.99).

An alternative definition of the Moore-Penrose generalized inverse
EM? is given by ([80])
E"F =lim((E"E + €1,)'E")

e—0

. (B.102)
=lim (E"(EE™ + €1,)").

e—0
If the elements of the matrix Z are rational numbers then the Moore-
Penrose generalized inverse EM? is computed analytically by applying
(B.102) as follows

 {limesg ((ETE + e2In)—1ET) if m>n

EMP —
lim,_ (ET(EET + E2Im)—1) if m<n’

(B.103)

If the elements of Z contain symbolic expressions then EM? is
computed by using (B.103), and where the matrix inverse in (B.103) is
computed by using the methodology described by (B.87), (B.88).
However, these computations can potentially become impractical due
to increasing computation time and increasing complexity of the
resulting symbolic expressions. For the special case where &, = 05«1,

x = 0,y, Rank (E) = 0, it follows that g"* = ¢, Y, = 0uxi,

(B.90).
In summary, the six main cases of the SLEs, (B.60), and the
corresponding properties of the particular solution «y, (B.90), are as

follows.

1. Case P1: The number of SLEs, (B.60), equals the number of
variables, {.¢(?), and the matrix Z has full rank, Rank (E) = m.

a.
The SLEs, (B.60), have a unique solution.

b.
The inverse of Z exists.



c. «a,(B.90),is the unique solution of (B.60) and gM?P = -1,

. Case P2: The number of SLEs, (B.60), equals the number of
variables, {.¢(?), and the matrix Z does not have full rank,

Rank (E) = m.

a.
The SLEs, (B.60), do not have a unique solution.

b.
The inverse of Z does not exist.

C.
ay, (B.90), is the exact solution of (B.60) having minimum

Euclidean norm.

- Case P3: The number of SLEs, (B.60), is less than the number of
variables, {,.¢(¢), and the matrix Z has full rank, Rank (E) = m.

* The SLEs, (B.60), do not have a unique solution.

> 1t follows that Rank (EET) = Rank (E) = m, (B.47), and the
square matrix EET € R™ is invertible.

C.

g, (B.90), is the exact solution of (B.60) having minimum

Euclidean norm and EMP = ET(EE™)™!.

. Case P4: The number of SLEs, (B.60), is less than the number of
variables, {.¢(?), and the matrix Z does not have full rank,

Rank (E) = m.

a.
The SI.LEs. (B.60). do not have a uniaue solution.



The inverse of (EE") does not exist.

C.
ay, (B.90), is the exact solution of (B.60) having minimum

Euclidean norm.

. Case P5: The number of SLEs, (B.60), is greater than the number of
variables, {;.¢(?), and the matrix Z has full rank, Rank (E) = 0.

a.
The SLEs, (B.60), have a unique solution.

b.
It follows that Rank (E"E) = Rank (E) = n, (B.47), and the

square matrix E'E € R is invertible.

ay, (B.90), is the unique solution of (B.60) and

EMP — ET(EET)—I .

' Case P6: The number of SLEs, (B.60), is greater than the number of
variables, {,.¢(?), and the matrix Z does not have full rank,

Rank (E) = 0.

a.
The SLEs, (B.60), do not have a unique solution.

b.
The inverse of (EE") does not exist.

C.
ay, (B.90), is the exact solution of (B.60) having minimum

Euclidean norm.



A general solution of (B.60) is given by (p. 141, [80])
Amax € Dk), k=1,2,..,ny (B.104)
where the vector of parameters () [uy, ...,u,]" € R". With reference

to (B.66), (B.104), a particular solution @y and a homogeneous solution

B; are given by

Yot =¥p+ ¥y = ¥,=E"'x, y,=T,-E"Eu. (B.105)
It follows that (by using (B.92))

Ey,6 = EEM’x = x, (B.106)

p

Ey, = EZ,-E"Eu = 0,,,u = 0,. (B.107)

By using (B.105), (B.93), (B.95), it can be shown that «; is

perpendicular to B;, that s, t,;cx = 14, as follows

yp 'yh — y;yh :xT((EMP)T _ (EMP)TET(EMP)T)u
=x 0,5t (B.108)
-0,

for all g € R". It follows from (B.108) that

1Y sorll = 1y, + 3l =y, . (B.109)
Thus, the Euclidean norm of the general solution By will be greater
than or equal to ||yp||, (B.105).
Given the fact that (Corollary 11.2.2, pp. 140-141, [80], and (B.65))
L, =28m, L,=12m. (B.110)

(B.111)



Dim ( Null (E)) = Rank (,, - EM'E) = n, <n.

It follows from (B.110), (B.111), that the n columns of the matrix
(I, — EMPE) span the null space of Z, and that only 63 of then

columns are linearly independent. Thus, the n columns of the matrix
(I, — EMPE) are a spanning set but not a basis for the null space of Z.
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Newton's third law

Newton-Euler equations
nonholonomic constraint
nonholonomic velocity constraint
Nonholonomic velocity constraints
nonholonomic velocity constraints
nonlinear control

nonlinear feedback control law
Not independent velocity constraints
not unique

null space

null space matrix

numerical approximation method
numerical integration algorithm
numerical solution

o

Octave

Octave Symbolic Package
Operational Mode OM1
Operational Mode OM1A
Operational Mode OM1B
Operational Mode OM2
Operational Mode OM3
operational modes of the mobile ADS
optimal control
orthogonal

orthogonal complement
orthogonal matrices

P

parameters

parametric form
particular solution
penalty function
performance evaluation



Point mass flight dynamics model of the AA projectile
point mass flight dynamics model of the AA projectile
point of contact of wheel i

positive definite

potential energy

principle of constraint release

probability mass function (PMF)

probability of destroying the AAT

Probability that a burst of AA projectiles will destroy the AAT
Probability that the AA projectile will impact the body of the AAT

R

Random differential equation
random disturbances

Random initial conditions
random initial conditions
Random vector

Realization

reduced dynamic model
reduced row echelon form
redundant velocity constraints
reference trajectories

regula falsi

regular curve in three dimensional space
relative intercept speed

relative speed of the AA projectile
resultant aerodynamic force
resultant applied force
resultant applied torque
resultant constraint force
resultant constraint torque

x Cartesian co-ordinate systems
rigid body

rotation axis sequences
Rotation matrix

rotation matrix

rotational kinetic energy



rotational motion

rotor of the AA gun electric motor
rotor of the turret electric motor
row space

Runge-Kutta algorithm

S

sequence of intercept times
singular value decomposition
singular values

six degrees of freedom
skew-symmetric matrices
solution set

span

spanning set

special engagement scenario
speed of sound
spin-stabilized

standard deviation

state space form

state vector

stationary sphere

steering system

Stochastic model of the dispersion of the AA projectiles
stochastic optimal control
stochastically independent and identically distributed (IID)
symbolic expressions
symmetric

T

target bounding sphere (TBS)

time of flight of the AA projectile to the CM of the AAT
time of flight to ground impact

time-step

translational kinetic energy

translational motion

turret



U

unique

Unique mean square solution
Unique solution

unique solution

unit vectors

Vv

vector equality constraint

vector of applied torques

vector of control inputs

vector of generalized co-ordinates
vector of generalized velocities
vehicle body

Vehicle Body Tracking Mode VM1
Vehicle Body Tracking Mode VM1A
Vehicle Body Tracking Mode VM2
velocity constraints

velocity constraints matrix
Verification method VMB

virtual displacement

virtual wheel

virtual work

Vulnerability model of the AAT

W

wheels 1,2,3 and 4
white measurement noise
white state noise

wind velocity

Y
Yavin, Yaakov (1935-2006)

Z

zero dynamics



Footnotes

1 In the main part of the research monograph m represents the number of velocity constraints,
n represents the number of generalized velocities, and 03 represents the number of

independent generalized velocities.
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